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Perieqìmena

I Probl mata kulindrik c summetrÐac
I Συναρτήσεις Bessel, Neumann και Hankel.
I Τροποποιημένες συναρτήσεις Bessel 1ου και 2ου είδους.

I Probl mata sfairik c summetrÐac
I Πολυώνυμα Legendre 1ου και 2ου είδους.
I Σφαιρικές αρμονικές.

I Σφαιρικές συναρτήσεις Bessel.
I Genik  jewrÐa orjog¸niwn poluwnÔmwn

I Πολυώνυμα Jacobi.
I Πολυώνυμα Gegenbauer, Hermite, Laguerre, Chebyshev.
I Σχέση με υπεργεωμετρική εξίσωση.
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PROBLHMATA KULINDRIKHS SUMMETRIAS

JewroÔme thn exÐswsh Laplace

∇2Ψ = 0 . (1)

I LÔseic me qwrismì metablht¸n se kulindrikèc
suntetagmènec

Ψ(ρ, φ, z) = R(ρ)Φ(φ)Z (z) . (2)

I Me antikat�stash odhgoÔmaste stic exis¸seic
I Γωνιακή εξάρτηση

d2Φ
dφ2 + ν2Φ = 0 =⇒ Φ ∼ e±iνφ , ν ∈ Z .

I Εξάρτηση κατά μήκος του άξονα συμμετρίας

d2Z
dz2 − k2Z = 0 , =⇒ Z ∼ e±kz , k ∈ C .

I Το ακτινικό μέρος περιγράφεται απ΄ την

d2R
dρ2 +

1
ρ

dR
dρ

+
(

k2 − ν2

ρ2

)
R = 0 . (3)
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Sunart seic Bessel kai Neumann
JewroÔme pr¸ta thn perÐptwsh me k ∈ R.

I Oi lÔseic tic Z (z) eÐnai ekjetikèc sunart seic.

I Jètontac x = kρ, y(x) = R(ρ) = R(x/k) h aktinik 
exÐswsh (3) gr�fetai wc

d2y
dx2 +

1
x

dy
dx

+
(

1− ν2

x2

)
y = 0 , (4)

pou eÐnai h exÐswsh Bessel.
I To shmeÐo x = 0 eÐnai sÔnhjec an¸malo shmeÐo opìte

èqoume apeiroseir� thc morf c

y(x) = xλ
∞

∑
m=0

amxm , (5)

I Me apl  antikat�stash λ = ±ν. Jètontac λ = ν

a1(2ν + 1)xm+1 +
∞

∑
m=2

[amm(2ν + m) + am−2]xm+ν = 0 ,
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K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I Ap' aut n prokÔptei (an ν 6= −1/2, perÐptwsh pou ja
sqoli�sw parak�tw), h anadromik  sqèsh ['Askhsh]

amm(2ν + m) + am−2 = 0 , καθώς και a1 = 0 ,

h opoÐa mac epitrèpei na prosdiorÐsoume touc suntelestèc
a2m sunart sei tou a0, en¸ a2m+1 = 0.

I EpilÔont�c thn kai antikajist¸ntac sthn (5) brÐskoume

y1(x) = Jν(x) =
(x

2

)ν ∞

∑
m=0

(−1)m

m!Γ(m + ν + 1)

(x
2

)2m
, (6)

ìpou Jν(x) eÐnai oi legìmenec sunart seic Bessel.
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Gia thn eÔresh thc 2hc anex�rththc lÔshc thc exÐswshc Bessel
diakrÐnoume dÔo peript¸seic:

I An ν 6∈ Z tìte h 2h anex�rthth lÔsh thc exÐswshc Bessel
eÐnai h

y2(x) = J−ν(x) , ν 6∈ Z , (7)

h opoÐa prokÔptei jètontac λ = −ν kai parìmoia me thn
parap�nw diadikasÐa.

I An ν = n ∈ Z tìte

Γ(m− n + 1) = (m− n)!

kai ap' thn (6) èqoume ìti

J−n(x) =
(x

2

)−n ∞

∑
m=0

(−1)m

m!(m− n)!

(x
2

)2m

=
(x

2

)−n ∞

∑
k=−n

(−1)k+n

(k + n)!k !

(x
2

)2(k+n)
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I Qrhsimopoi¸ntac to gegonìc ìti

k ! = Γ(k + 1) = ∞ , για k = −n, . . . ,−1 ,

blèpoume ìti to �jroisma

−1

∑
k=−n

(−1)k+n

(k + n)!k !

(x
2

)2(k+n)
= 0 .

I Telik� èqoume ìti

J−n(x) = (−1)n
(x

2

)n ∞

∑
k=0

(−1)k

(k + n)!k !

(x
2

)2k

= (−1)nJn(x) .

'Ara h J−n(x) = (−1)nJn(x) den apoteleÐ anex�rthth lÔsh.
I H 2h anex�rthth lÔsh orÐzetai wc

Yν(x) =
cos νπJν(x)− J−ν(x)

sin νπ
. (8)

kai onom�zetai sun�rthsh Neumann. An ν ∈ Z to ìrio
eÐnai aprosdiìristo thc morf c 0/0. Me ton kanìna L’
Hopital deÐqnetai ìti to ìrio eÐnai kal¸c orismèno ['Askhsh].
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H genik  lÔsh thc aktinik c exÐswshc (3) eÐnai h upèrjesh

Rk (ρ) = AkJν(kρ) + BkYν(kρ) . (9)

I Epiplèon upèrjesh prokÔptei an qreiasjoÔn ta mhdenik�
twn Jν(x) kai Yν(x), ìpwc ja doÔme argìtera.

I An h arq  twn axìnwn ρ = 0 perilamb�netai sto pedÐo
orismoÔ kai epizhtoÔme peperasmènec lÔseic, tìte Bk = 0.
An ρ = 0 den perilamb�netai sto pedÐo orismoÔ, tìte kai oi
dÔo lÔseic prèpei na qrhsimopoihjoÔn.

I 'Omwc, up�rqoun peript¸seic ìpou qrei�zetai sugkekrimènh
an¸malh sumperifor� pou ekfr�zei p.q. ìro phg c
enèrgeiac, parousÐa hlektrikoÔ fortÐou klp. Tìte Bk 6= 0.
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Oriak  kai asumptwtik  sumperifor�: Se pollèc efarmogèc
qrei�zetai h sumperifor� twn sunart sewn Jν(x) kai Yν(x):

I Gia mikrèc timèc tou x èqoume

Jν(x) '
(x

2

)ν 1
Γ(ν + 1)

(
1 +O(x2)

)
, n 6∈ Z− ,

Yν(x) ' −Γ(ν)
π

(
2
x

)ν (
1 +O(x2)

)
, ν 6= 0

kai

Y0(x) ' 2
π

(ln(x/2) + γ) ,

ìpou γ = 0.57721 . . . eÐnai h stajer� Euler–Mascheroni.

γ = lim
n→∞

(
n

∑
k=1

1
k
− ln n

)
.

I Gia meg�lec timèc tou x

Jν(x) '
√

2
πx

cos
(
x − νπ

2
− π

4

)
, x � 1

kai

Yν(x) '
√

2
πx

sin
(
x − νπ

2
− π

4

)
, x � 1 .
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H sumperifor� twn sunart sewn Bessel kai Newmann me
jetikoÔc akèraiouc deÐktec apeikonÐzetai parak�tw:

I Mìno oi sunart seic Bessel Jn(x) èqoun omal 
sumperifor� gia x � 1.

I Gia x � 1 oi Jn(x) kai oi Yn(x) sumperifèrontai wc sin kai
cos me pl�toc meioÔmeno wc 1/

√
x .
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Σχήμα: α) Γραφικά των συναρτήσεων Bessel Jn(x), n = 0, 1, 2 και
β) των συναρτήσεων Newmann Yn(x), n = 0, 1, 2.
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Genn tria Sun�rthsh: EÐnai thc morf c

e
x
2 (t− 1

t ) =
∞

∑
n=−∞

tnJn(x) . (10)

Apìdeixh: AnaptÔssoume to aristerì mèloc (AM)
qrhsimopoi¸ntac kai thn an�ptuxh se di¸numo

ΑΜ =
∞

∑
m=0

(x
2

)m 1
m!

︷ ︸︸ ︷[
∞

∑
r ,s=0

(r + s)!
r !s !

(−1)s tr−sδr+s,m

]

=
∞

∑
r ,s=0

(−1)s
(x

2

)r+s tr−s

r !s !

=
∞

∑
n=−∞

tn
[

∞

∑
s=0

(−1)s

s !(s + n)!

(x
2

)n+2s
]

︸ ︷︷ ︸ ,

ìpou sto teleutaÐo b ma �llaxa ton deÐkth �jroishc jètontac
r − s = n. To �jroisma sthn agkÔlh eÐnai h sun�rthsh Jn(x).
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H fusik  shmasÐa thc genn triac sun�rthsh mporeÐ na dwjeÐ
sta plaÐsia thc Kbantik c Mhqanik c. JewreÐste eleÔjero
swm�tio ston R2 (�peiro epÐpedo).

I H Qamiltonian  enall�setai me touc telestèc orm c (pou
gennoÔn metatop seic kat� m koc twn dÔo axìnwn)

Pa = −i
∂

∂xa
, a = 1, 2 , [P1,P2] = 0 , (11)

diìti se kat�llhlec mon�dec èqoume ìti

H = P2
1 + P2

2 =⇒ [H,P1,2] = 0 . (12)

I 'Ara oi koinèc idiokatast�seic eÐnai

Ψk(x1, x2) = e ik·x = e ikρ cos φ ,

kai upakoÔoun

PaΨk = kaΨk , a = 1, 2 , HΨk = k2Ψk .
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I O telest c stroform c pou genn� strofèc sto epÐpedo
eÐnai

J = −i
∂

∂φ
=⇒ [J,P1] = P2 , [J,P2] = −P1 , (13)

Oi enall�ktec apodeiknÔontai eÐte me anagraf  twn Pa se
polikèc suntetagmènec eÐte tou J se Kartesianèc ['Askhsh].

I H exÐswsh Scrhödinger se polikèc suntetagmènec eÐnai

−1
ρ

∂

∂ρ

(
ρ

∂Ψ
∂ρ

)
− 1

ρ2
∂2Ψ
∂φ2 = EΨ , E = k2 .

Me qwrismì metablht¸n epidèqetai lÔseic thc morf c

Ψn,k (ρ, φ) = e inφJn(kρ) ,

Epeid 
[H, J ] = 0 ,

ja prèpei na eÐnai dunat  h tautìqronh diagwnopoÐhs  twn
H kai J. Pr�gmati oi idiosunart seic autèc upakoÔoun

JΨn,k = nΨn,k , HΨn,k = k2Ψn,k .
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I H genn tria sun�rthsh (10) gia x = kρ kai t = e iφ

gr�fetai

e ikρ cos φ =
∞

∑
n=−∞

e inφJn(kρ) =⇒ Ψk =
∞

∑
n=−∞

Ψn,k .

I Idiokatast�seic stroform c =⇒ Idiokatast�seic orm c.
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Oloklhrwtik  anapar�stash: Ap' th genn tria sun�rthsh

e
x
2 (t− 1

t ) =
∞

∑
n=−∞

tnJn(x) ,

antistèfontac, brÐskoume thn oloklhrwtik  anapar�stash

Jn(x) =
1

2πi

∮
C

dt t−n−1e
x
2 (t− 1

t ) , (14)

ìpou h olokl rwsh gÐnetai se mikrì kÔklo gÔrw ap' to t = 0
sto migadikì epÐpedo.

I Jètontac t = e iφ brÐskoume thn isodÔnamh sqèsh

Jn(x) =
1

2π

∫ 2π

0
dφ e−inφe ix sin φ .

H teleutaÐa sqèsh eÐnai exairetik� qr simh.

I 'Opou emfanÐzontai oloklhr¸mata me sin kai cos ston
ekjèth eÐnai polÔ pijanìn na mporoÔn na ekfrasjoÔn mèsw
sunart sewn Bessel.
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Tautìthtec: Me qr sh thc genn triac sun�rthshc mporoÔme
eÔkola na apodeÐxoume tic anadromikèc sqèseic

2J ′n(x) = Jn−1(x)− Jn+1(x) ,

2n
x

Jn(x) = Jn−1(x) + Jn+1(x) .

p.q. paragwgÐzontac th sqèsh (10) gia th genn tria
sun�rthsh prokÔptei ìti

∞

∑
n=−∞

tnJ ′n(x) =
1
2

∞

∑
n=−∞

(
t − 1

t

)
tnJn(x)

=
1
2

∞

∑
n=−∞

tn(Jn−1(x)− Jn+1(x)) ,

ap' thn opoÐa apodeiknÔetai h 1h ek twn parap�nw sqèsewn.
Shmei¸nw ìti gia th 2h isìthta all�qjhke o deÐkthc �jroishc
apì n→ n∓ 1 stouc dÔo ìrouc antÐstoiqa.
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Ap' thn an�ptuxh thc sun�rthshc Bessel se apeiroseir� kai
parìmoiec mejìdouc mporeÐ na apodeiqjeÐ ìti

d
dx

[xnJn(x)] = xnJn−1(x) ,(
1
x

d
dx

)m [
x−nJn(x)

]
= (−1)mx−m−nJm+n(x) .

Parathr seic:

I Oi parap�nw tautìthtec isqÔoun kai gia n→ ν /∈ Z.

I Qrhsimopoi¸ntac touc orismoÔc kai ìti e iνπ = −e i(ν±1)π,
apodeiknÔetai ìti oi parap�nw tautìthtec isqÔoun kai gia
tic sunart seic Yν(x).
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Prosjetikì je¸rhma: IsqÔei ìti

Jn(x + y) =
∞

∑
m=−∞

Jm(x)Jn−m(y) . (15)

Apìdeixh: Pollaplasi�zontac kat� mèlh th sqèsh gia th
genn tria sun�rthsh, me orÐsmata x kai y , èqoume

e
1
2 (x+y )(t−1/t) =

∞

∑
k,m=−∞

tk+mJm(x)Jk (y) .

To aristerì mèloc (AM) mèsw thc genn triac sun�rthshc eÐnai

AM =
∞

∑
m=−∞

tmJm(x + y) .

Pollaplasi�zontac kai ta dÔo mèlh me t−n−1 kai
oloklhr¸ntac sto migadikì t-epÐpedo gÔro ap' to t = 0,
apodeiknÔetai h (15).
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ShmeÐa mhdenismoÔ: EÐnai qr simo na gnwrÐzoume ta shmeÐa
mhdenismoÔ twn sunart sewn Bessel kai Neumann

Jν(xν,m) = 0 , Yν(x̃ν,m) = 0 , (16)

twn opoÐwn oi lÔseic eÐnai �peirec sto pl joc.

I Gia tic meg�lec rÐzec qrhsimopoi¸ntac tic asumptotikèc
ekfr�seic twn Jν(x) kai Yν(x) èqoume

xν,m '
νπ

2
+

π

4
+

(2m + 1)π

2
, m ∈ Z+ ,

kai
x̃ν,m '

νπ

2
+

π

4
+ mπ , m ∈ Z+ .

I Shmei¸nw epÐshc tic qr simec sqèseic

J ′ν(xν,m) '
√

2
πxν,m

, Y ′ν(x̃ν,m) '
√

2
πx̃ν,m

kai J ′ν(x̃ν,m) ' Y ′ν(xν,m) ' 0, sto ìrio twn meg�lwn riz¸n.
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Orjogwniìthta kai plhrìthta: H exÐswsh Bessel (3) apoteleÐ
eidik  perÐptwsh thc exÐswshc Sturm–Liouville

d
dx

(
f
dΦ
dx

)
+ (Eh + p)Φ = 0 ,

me (x = ρ kai Φ = R sthn perÐptws  mac)

f (ρ) = h(ρ) = ρ , E = k2 , p(ρ) = −ν2

ρ
.

Ap' th genik  jewrÐa sto di�sthma ρ ∈ [0, a] èqoume

(k2 − k ′2)
∫ a

0
dρρ Jν(kρ)Jν(k ′ρ) =

a
[
k ′Jν(ka)J ′ν(k

′a)− kJν(k ′a)J ′ν(ka)
]

.
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Me Dirichlet oriakèc sunj kec

Jν(ka) = 0 =⇒ k = kν,m =
xν,m

a
, ( παρόμοια για k ′) ,

pou odhgoÔn se kb�ntwsh tou kumatanÔsmatoc.
Telik� èqoume:

I Gia th sqèsh orjogwniìthtac∫ a

0
dρρ Jν(xν,mρ/a)Jν(xν,m′ρ/a) = Nν,mδm,m′

=
a2

2
[J ′ν(xν,m)]2δm,m′ .(17)

I en¸ h sqèsh plhrìthtac eÐnai

∞

∑
m=0

Jν(xν,mρ/a)Jν(xν,mρ′/a)
Nν,m

=
δ(ρ− ρ′)

ρ
. (18)
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Me Neumann oriakèc sunj kec

J ′ν(ka) = 0 =⇒ k = kν,m =
yν,m

a
, [παρόμοια για k ′]

epÐshc èqoume kb�ntwsh twn kumatanusm�twn.
Telik� èqoume:

I Gia th sqèsh orjogwniìthtac∫ a

0
dρρJν(yν,mρ/a)Jν(yν,m′ρ/a)

=Mν,mδm,m′ =
a2

2

(
1− ν2

y2
ν,m

)
[Jν(yν,m)]2δm,m′ ,(19)

I en¸ h sqèsh plhrìthtac eÐnai

∞

∑
m=0

Jν(yν,mρ/a)Jν(yν,mρ′/a)
Mν,m

=
δ(ρ− ρ′)

ρ
. (20)

Genik  parat rhsh: Stic sqèseic orjogwniìthtac kai
plhrìthtac h t�xh ν twn sunart sewn Jν kai Yν eÐnai stajer .
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Orjokanonikèc sqèseic se ìlo to q¸ro: JewroÔme to di�sthma
ρ ∈ [0, ∞), opìte prèpei na p�roume to ìrio a→ ∞ stic
prohgoÔmenec sqèseic.

I Epeid  oi epitrepìmenec timèc tou kumatanÔsmatoc eÐnai
kbantismènec kai dÐnontai apì thn kν,m = xν,m/a, to ìrio
a→ ∞ shmaÐnei ìti prèpei na jewr soume tic meg�lec
rÐzec xν,m twn Bessel ¸ste o lìgoc na eÐnai peperasmènoc.

I To f�sma eÐnai suneqèc me puknìthta

dk
dm
' π

a
,

ìpou qrhsimopoÐhsa ìti k ' πm + stajer� gia tic
meg�lec rÐzec.

I Sto suneqèc ìrio

∑
m
→
∫

dm =
a
π

∫
dk

kai epÐshc

δm,m′ '
δ(k − k ′)
dm/dk

' π

a
δ(k − k ′) .
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I H kanonikopoÐhsh eÐnai anex�rthth twn oriak¸n sunjhk¸n
['Askhsh]

Nν,m 'Mν,m '
a

πk
.

I Telik� oi sqèseic orjogwniìthtac kai plhrìthtac gÐnontai∫ ∞

0
dρρJν(kρ)Jν(k ′ρ) =

δ(k − k ′)
k

(21)

kai ∫ ∞

0
dkkJν(kρ)Jν(kρ′) =

δ(ρ− ρ′)
ρ

. (22)

Blèpoume ìti o metasqhmatismìc Hankel thc Bessel eÐnai
p�li mia sun�rthsh Bessel.
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Upologismìc stajer¸n kanonikopoÐhshc: Jèloume na
upologÐsoume tic stajerèc kanonikopoÐhshc pou emfanÐzontai
sta oloklhr¸mata me sunart seic Bessel gia Dirichlet kai
Neumann oriakèc sunj kec.
H basik  sqèsh pou ja qrhsimopoi soume eÐnai

(k2 − k ′2)
∫ a

0
dρρ Jν(kρ)Jν(k ′ρ) =

a
[
k ′Jν(ka)J ′ν(k

′a)− kJν(k ′a)J ′ν(ka)
]

,

Aut  aporrèei ap' th genik  jewrÐa problhm�twn tÔpou
Sturm–Liouville, efarmosmènh sthn perÐptws  mac.

I Jèloume to ìrio k → k ′.
I Το αριστερό μέλος είναι

(ΑΜ) ' 2k ′(k − k ′)
∫ a

0
dρρ J2

ν (k ′ρ) .

I Το δεξί μέλος είναι

(ΔΜ) ' (k− k ′)a
[
xJ ′2ν (x)− Jν(x)J ′ν(x)− xJν(x)J ′′ν (x)

]
x=k ′a

.
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Exis¸nontac to dÔo mèlh èqoume th genik  sqèsh gia k�je
oriak  sunj kh pou epib�lloume∫ a

0
dρρ J2

ν (k ′ρ) =
a

2k ′
[
xJ ′2ν (x)− Jν(x)J ′ν(x)− xJν(x)J ′′ν (x)

]
x=k ′a

.

(23)

DiakrÐnoume dÔo peript¸seic:

I Thn Dirichlet oriak  sunj kh Jν(k ′a) = 0, opìte
k ′ = xν,m/a kai h (23) gÐnetai

∫ a

0
dρρ J2

ν (xν,mρ/a) =
a2

2
[J ′ν(xν,m)]2 .

I Thn Neumann oriak  sunj kh J ′ν(k ′a) = 0, opìte
k ′ = yν,m/a kai h (23) gÐnetai

∫ a

0
dρρ J2

ν (yν,mρ/a) = −a2

2
Jν(yν,m)J ′′ν (yν,m)

=
a2

2

(
1− ν2

y2
ν,m

)
J2

ν (yν,m) .
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Upologismìc oloklhrwm�twn: Se efarmogèc emfanÐzontai
oloklhr¸mata me ìria mhdenik� sunart sewn Bessel. MporoÔn
na upologisjoÔn me th bo jeia anadromik¸n sqèsewn.

Par�deigma: Ac upologÐsoume ta parak�tw oloklhr¸mata

An =
∫ xn

0
dx x

(
1− x2

x2
n

)
J0(x) , J0(xn) = 0 ,

Bn =
∫ yn

0
dx x3J0(x) , J1(yn) = 0 .

QrhsimopoioÔme thn idiìthta

xJ0(x) = (xJ1(x))′

kai oloklhr¸noume kat� par�gontec. BrÐskoume ìti

An =
2
x2
n

∫ xn

0
dx x2J1(x) ,

Bn = −2
∫ yn

0
dx x2J1(x) .
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Qrhsimopoi¸ntac tic idiìthtec

x2J1(x) = (x2J2(x))′ , J2(xn) =
2
xn

J1(xn) ,

brÐskoume to telikì apotèlesma

An =
4
xn

J1(xn) , J0(xn) = 0 ,

Bn = −2y2
n J2(yn) , J1(yn) = 0 .

Wc ['Askhsh] kaleÐste na sumplhr¸setai merik� endi�mesa
b mata, sta opoÐa gÐnetai faner  h shmasÐa tou gegonìtoc ìti
ta xn kai yn eÐnai rÐzec twn J0(x), J1(x), antistoÐqwc.
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Sunart seic Hankel
Sth Fusik  ter�stio endiafèron, exaitÐac kai twn teqnologik¸n
efarmog¸n touc, parousi�zoun oi lÔseic ekeÐnec twn exis¸sewn
pou perigr�foun èna fusikì sÔsthma kai pou parist�noun
di�dosh kum�twn (p.q. Hlektromagnhtik¸n, akoustik¸n klp).

I Eidikìtero endiafèron parousi�zoun lÔseic oi opoÐec
sumperifèrontai wc kulindrik�   sfairik� kÔmata se
meg�lec apost�seic apì tic phgèc pou ta dhmiourgoÔn.

I Sthn perÐptwsh thc exÐswshc Bessel orÐzoume ètsi tic
sunart seic Hankel:

I Hankel 1ου είδους

H(1)
ν = Jν(x) + iYν(x) . (24)

I Hankel 2ου είδους

H(2)
ν = Jν(x)− iYν(x) . (25)
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I H x eÐnai to ginìmeno tou kumatanÔsmatoc me thn aktinik 
suntetagmènh se kulindrikèc   sfairikèc suntetagmènec.

I Gia mikrèc apost�seic x � 1 h sumperifor� touc eÐnai
an¸malh, all� autì eÐnai sumbatì me thn Ôparxh phg¸n
sto fusikì prìblhma.

I Gia meg�lec apost�seic èqoume

H(1,2)
ν '

√
2

πx
e±i(x−νπ/2−π/4) , x � 1 . (26)

Sundu�zontac me qronik  ex�rthsh tou tÔpou e±ivt ,
blèpoume sumperifor� kÔmatoc me meioÔmeno pl�toc.
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Tropopoihmènec sunart seic Bessel
JewroÔme t¸ra peript¸seic ìpou h stajer� diaqwrismoÔ k thc
exÐswshc Laplace se kulindrikèc suntetagmènec eÐnai
fantastik . Tìte èqoume epÐshc trigwnometrik  sumperifor�
kai gia thn Z (z).
Gia lÔseic me qwrismì metablht¸n se kulindrikèc suntetagmènec

Ψ(ρ, φ, z) = R(ρ)Φ(φ)Z (z) . (27)

èqoume tic ex c DE:

I Gwniak  ex�rthsh

d2Φ
dφ2 + ν2Φ = 0 =⇒ Φ ∼ e±iνφ , ν ∈ R .

I Ex�rthsh kat� m koc tou �xona summetrÐac

d2Z
dz2 + k2Z = 0 , =⇒ Z ∼ e±ikz , k ∈ R .
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I To aktinikì mèroc perigr�fetai ap' thn

d2R
dρ2 +

1
ρ

dR
dρ
−
(

k2 +
ν2

ρ2

)
R = 0 .

I Jètontac x = kρ, y(x) = R(ρ) = R(x/k) h aktinik 
exÐswsh gÐnetai h legìmenh tropopoihmènh exÐswsh Bessel

d2y
dx2 +

1
x

dy
dx
−
(

1 +
ν2

x2

)
y = 0 . (28)

Oi lÔseic thc eÐnai oi tropopoihmènec sunart seic Bessel:
I 1ου είδους

Iν(x) = i−νJν(ix) (29)

I και 2ου είδους

Kν(x) =
π

2 sin νπ
(I−ν(x)− Iν(x)) . (30)

I O par�gontac i−ν eis qjhke ètsi ¸ste oi sunart seic
Iν(x) kai Kν(x) na eÐnai pragmatikèc.
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Oriak  kai asumptwtik  sumperifor�:

I Gia mikrèc timèc tou x èqoume

Iν(x) '
(x

2

)ν 1
Γ(ν + 1)

(
1 +O(x2)

)
, n 6∈ Z−

Kν(x) ' Γ(ν)
2

(
2
x

)ν (
1 +O(x2)

)
, ν 6= 0

kai
K0(x) ' −[ln(x/2) + γ] ,

γ = 0.57721 . . . eÐnai h stajer� Euler–Mascheroni.
I Gia meg�lec timèc tou x

Iν(x) '
√

1
2πx

ex , x � 1

kai
Kν(x) ' π√

2x
e−x , x � 1 .

Prosèxte ìti eÐnai anex�rthtec tou deÐkth ν.
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H sumperifor� twn tropopoihmènwn sunart sewn Bessel me
jetikoÔc akèraiouc deÐktec apeikonÐzetai parak�tw. Oi In(x)
èqoun omal  sumperifor� gia x � 1 kai oi Kn(x) gia x � 1.
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Σχήμα: α) Γραφικά των τροποποιημένων συναρτήσεων Bessel In(x),
n = 0, 1, 2 και β) Kn(x), n = 0, 1, 2.
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Genn tria sun�rthsh: Sth genn tria sun�rthsh gia tic
sunart seic Bessel

e
x
2 (t− 1

t ) =
∞

∑
n=−∞

tnJn(x) ,

jètoume ìpou x → ix kai t → −is. Qrhsimopoi¸ntac ton orismì
Jν(ix) = iνIν(x), paÐrnoume th genn tria sun�rthsh twn
tropopoihmènwn sunart sewn Bessel

e
x
2 (s+ 1

s ) =
∞

∑
n=−∞

snIn(x) . (31)

Oloklhrwtik  anapar�stash: Sthn oloklhrwtik 
anapar�stash gia thn Jn(x)

Jn(x) =
1

2π

∫ 2π

0
dφ e−inφe ix sin φ ,

jètoume ìpou x → ix kai brÐskoume ìti

In(x) =
1

2π

∫ 2π

0
dφ e−inφex cos φ . (32)
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Anadromikèc sqèseic: Autèc brÐskontai ap' tic antÐstoiqec
anadromikèc sqèseic twn sunart sewn Bessel. p.q. ['Askhsh]

2I ′n(x) = In−1(x) + In+1(x) ,

2n
x

In(x) = In−1(x)− In+1(x) . (33)

I 'Eqoun isqÔ kai gia n→ ν /∈ Z, kaj¸c epÐshc kai gia tic
Kν(x).
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PROBLHMATA SFAIRIKHS SUMMETRIAS
JewroÔme thn exÐswsh Laplace

∇2Ψ = 0 . (34)

kai upojètoume sfairik  summetrÐa. Me qwrismì metablht¸n

Ψ(r , θ, φ) = R(r)Θ(θ)Φ(φ) (35)

kai antikat�stash sthn (34) odhgoÔmaste stic exis¸seic:

I Ex�rthsh ap' thn gwnÐa φ

d2Φ
dφ2 + ν2Φ = 0 =⇒ Φ ∼ e±iνφ ,

I Ex�rthsh ap' thn aktinik  suntetagmènh r

d2(rR)
dr2 − `(` + 1)

R
r

= 0 , =⇒ R ∼ r ` , r−`−1 ,

ìpou ν, ` ∈ R stajerèc ap' to qwrismì metablhtht¸n.
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I EpÐshc paÐrnoume kai th DE gia thn ex�rthsh ap' th
gwnÐa θ

d2Θ
dθ2 + cot θ

dΘ
dθ

+
(

`(` + 1)− ν2

sin2 θ

)
Θ = 0 . (36)

I Me allag  metablht c x = cos θ aut  gr�fetai

d
dx

(
(1− x2)

dΘ
dx

)
+
(

`(` + 1)− ν2

1− x2

)
Θ = 0 . (37)

thn opoÐa en suneqeÐa meletoÔme.
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Polu¸numa Legendre
Proc eÔresh lÔsewn thc (37) exet�zoume pr¸ta thn perÐptwsh
me ν = 0 opìte h (37) an�getai sth DE Legendre

d
dx

(
(1− x2)

dΘ
dx

)
+ `(` + 1)Θ = 0 , x = cos θ . (38)

Oi lÔseic thc exart¸ntai:

I Ap' to di�sthma sto opoÐo h θ paÐrnei timèc.
Shmei¸nw ìti 0 6 θ 6 π ⇒ −1 6 x 6 1, all� se
efarmogèc to di�sthma thc θ mporeÐ na eÐnai akìma
mikrìtero.

I Ean ` > 0 kai akèraioc, to opoÐo epÐshc upojètoume.
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P.q. gia ` = 0, èqoume h (38) gÐnetai

d
dx

(
(1− x2)

dΘ
dx

)
= 0 ,

h opoÐa èqei dÔo lÔseic:

Θ = 1 , Θ = ln
(

1− x
1 + x

)
,

oi opoÐec eÐnai kanonikopoi simec sto di�sthma x ∈ [−1, 1].
'Omwc, ektìc kai an suntrèqoun lìgoi, h 2h lÔsh eÐnai
aporriptèa giatÐ apeirÐzetai stouc pìlouc gia θ = 0, π.
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I Gia akèraia ` > 1 èqoume p�nta wc lÔsh polu¸numo
t�xewc ` + 1. H 2h lÔsh perièqei ìro me ln

( 1−x
1+x

)
.

I O lìgoc emf�nishc twn logarÐjmwn eÐnai ìti h exÐswsh
Legendre èqei sun jh an¸mala shmeÐa sta x = ±1 gia ta
opoÐa h qarakthristik  exÐswsh èqei lÔseic ρ1 = ` + 1 kai
ρ2 = −` ['Askhsh].
H diafor� ρ1 − ρ2 = 2` + 1 eÐnai akèraioc, opìte ap' th
genik  jewrÐa DE, h lÔsh thc (38) ja perièqei ln(1± x).
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Orismìc: Wc b�sh twn poluwnÔmwn t�xhc ` + 1, mporoÔme na
p�roume thn {xm} me m = 0, 1, . . . , ` + 1, h opoÐa den eÐnai
orjokanonik , all� mporeÐ na gÐnei me th mèjodo twn
Gram–Schmidt. To apotèlesma eÐnai ta polu¸numa Legendre
pou orÐzontai ap' ton tÔpo tou Rodriguez

P`(x) =
1

2``!
d `

dx `
(x2 − 1)` , (39)

ìpou h kanonikopoÐhsh eÐnai tètoia ¸ste P`(1) = 1. MporeÐ na
deiqjeÐ ìti ta P`(x) ikanopoioÔn thn exÐswsh Legendre ['Askhsh].
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Enallaktik  mèjodoc me dunamoseir�: Oi lÔseic thc exÐswshc
Legendre

d
dx

(
(1− x2)

dΘ
dx

)
+ `(` + 1)Θ = 0 ,

mporoÔn na brejoÔn me an�ptuxh se dunamoseir�.

I To shmeÐo x = 0 eÐnai omalì opìte èqoume apeiroseir� thc
morf c

y(x) =
∞

∑
m=0

amxm ,

I Me apl  antikat�stash paÐrnoume thn anadromik  sqèsh

am+2 =
m(m + 1)− `(` + 1)

(m + 1)(m + 2)
am .

H apeiroseir� termatÐzetai ston ìro me m = `.
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I H stajer� kanonikopoÐhshc kajorÐzetai ap' th sÔmbash
ìti o suntelest c tou ìrou x ` sto P`(x) eÐnai

(2`)!
(`!)22`

,

epilegmènoc ètsi ¸ste to apotèlesma na sumfwneÐ me ton
orismì mèsw tou tÔpou tou Rodriguez, dhlad 

y(x) = P`(x) .
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Ta qamhlìterhc t�xhc polu¸numa Legendre eÐnai:

P0(x) = 1 ,

P1(x) = x ,

P2(x) =
1
2
(3x2 − 1) ,

P3(x) =
1
2
(5x3 − 3x) ,

P4(x) =
1
8
(35x4 − 30x2 + 3) ,

kai parak�tw anaparÐstantai grafik� merik� ap' aut�

-1 -0.5 0.5 1

-1

-0.5

0.5

1

Σχήμα: Γραφικά των πολυωνύμων Legendre P`(x), ` = 1, 2, 3, 4
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Metasqhmatismìc artiìthtac: Ap' ton orismì me ton tÔpo tou
Rodriguez

P`(x) =
1

2``!
d `

dx `
(x2 − 1)` ,

brÐskoume ìti
P`(−x) = (−1)`P`(x) . (40)

Orjokanonikìthta: Ap' ton orismì kai me kat�llhlec
oloklhr¸seic kat� mèlh èqoume∫ 1

−1
dx P`(x)P ′`(x) =

2
2` + 1

δ`,`′ . (41)

Apìdeixh: Me qr sh tou tÔpo tou Rodriguez
∫ 1

−1
dx P`(x)P`′ (x) =

1
2`+`′ `!`′!

∫ 1

−1
dx

[
d `(x2 − 1)`

dx`

] [
d `′ (x2 − 1)`′

dx`′

]

=
(−1)`

2`+`′ `!`′!

∫ 1

−1
dx (x2 − 1)`

[
d `+`′

dx`+`′
(x2 − 1)`′

]
,

ìpou k�name ` oloklhr¸seic kat� mèlh.
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I Lìgw twn ` + `′ parag¸gwn se polu¸numo bajmoÔ 2`′
prèpei gia mh mhdenikì apotèlesma

` 6 `′ και παρόμοια `′ 6 ` .

'Ara ` = `′.
I 'Ara èqoume∫ 1

−1
dx P2

` (x) =
(−1)`

22`(`!)2

∫ 1

−1
dx (x2 − 1)` d2`(x2 − 1)`

dx2`

=
(−1)`(2`)!
22`(`!)2

∫ 1

−1
dx (x2 − 1)` .

UpologÐzontac to teleutaÐo olokl rwma∫ 1

−1
dx (x2 − 1)` =

√
π

(−1)``!
Γ(` + 3/2)

,

brÐskoume ìti ∫ 1

−1
dx P2

` (x) =
2

2` + 1
.
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H sqèsh plhrìthtac: Aut  gr�fetai wc

∞

∑
`=0

(
` +

1
2

)
P`(x)P`(x ′) = δ(x − x ′) . (42)

Qrhsimopoi¸ntac thn, opoiad pote sun�rthsh f (x) me
x ∈ [−1, 1], anaptÔssetai wc

f (x) =
∞

∑
`=0

A`P`(x) , (43)

me

A` =
(

`

2
+ 1
) ∫ 1

−1
dx f (x)P`(x) .
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An�ptuxh se polu¸numo: Ap' ton orismì mèsw tou tÔpou tou
Rodrigues brÐskoume ìti

P`(x) =
1
2`

`

∑
k=0

(
`!

k !(`− k)!

)2
(x − 1)`−k (x + 1)k . (44)

Apìdeixh: Qrhsimopoi¸ntac ton tÔpo pollapl c parag¸gishc
ginomènou

d `[f (x)g(x)]
dx `

=
`

∑
k=0

`!
k !(`− k)!

dk f (x)
dxk

d `−kg(x)
dx `−k ,

gia f (x) = (x − 1)` kai g(x) = (x + 1)` kai epÐshc ìti

dk

dxk (x − 1)` =
`!

(`− k)!
(x − 1)`−k ,

d `−k

dx `−k (x + 1)` =
`!
k !

(x + 1)k ,

apodeiknÔetai h (44) ['Elegqoc].
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H genn tria sun�rthsh kai h fusik  thc shmasÐa: Ac
jewr soume to hlektrikì dunamikì monadiaÐou fortÐou sth jèsh
R = (0, 0, 1). Gia tuqaÐo shmeÐo sto q¸ro r èqoume ìti

1
|r−R| =

1√
r2 + 1− 2r cos θ

=
∞

∑
`=0

(
A`r

` +
B`

r `+1

)
P`(cos θ) . (45)

Epikentr¸nontac ston �xona z me θ = 0 (kai epeid  P`(1) = 1)

1
|r − 1| =

∞

∑
`=0

(
A`r

` +
B`

r `+1

)
.

AnaptÔssontac to aristerì mèloc èqoume:

I r < 1 :
1

|r − 1| =
∞

∑
`=0

r ` =⇒ A` = 1, B` = 0 ,

I r > 1 :
1

|r − 1| =
∞

∑
`=0

r−`−1 =⇒ A` = 0 , B` = 1 .

49



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I To telikì apotèlesma gia to dunamikì eÐnai

1
|r−R| =

1√
r2 + 1− 2r cos θ

=
∞

∑
`=0

r `
<

r `+1
>

P`(cos θ) , (46)

ìpou r< (r>) eÐnai to mikrìtero (megalÔtero) metaxÔ twn r
kai 1.
O sumbolismìc autìc eÐnai suqnìtatoc sth Fusik .

I Se k�je perÐptwsh h sqèsh aut  gr�fetai kai wc

1√
t2 + 1− 2tx

=
∞

∑
`=0

t` P`(x) , (47)

me t = r   t = 1/r , ètsi ¸ste t < 1 kai x = cos θ.

I H an�ptuxh aut  isqÔei kai gia t migadikì. 'Etsi to
aristerì thc mèloc apoteleÐ th genn tria sun�rthsh twn
poluwnÔmwn Legendre.
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Anadromikèc sqèseic: O orismìc kai h genn tria sun�rthsh
odhgoÔn se di�forec tautìthtec kai anadromikèc sqèseic. p.q.

(2` + 1)P`(x) = P ′`+1(x)− P ′`−1(x) ,

(2` + 1)xP`(x) = (` + 1)P`+1(x) + `P`−1(x) . (48)

Apìdeixh: ParagwgÐzontac th genn tria sun�rthsh wc proc t

x − t
(t2 + 1− 2tx)3/2 =

∞

∑
`=0

`P`(x)t`−1 .

Pollaplasi�zoume me 2t kai prosjètoume th genn tria

1− t2

(t2 + 1− 2tx)3/2 =
∞

∑
`=0

(2` + 1)P`(x)t` .

'Omwc ap' th genn tria sun�rthsh paragwgÐzontac wc proc x

t
(t2 + 1− 2tx)3/2 =

∞

∑
`=0

P ′`(x)t` .
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Diair¸ntac   pollaplasi�zontac me t, all�zontac ton deÐkth
�jroishc kai afair¸ntac, brÐskoume

1− t2

(t2 + 1− 2tx)3/2 =
∞

∑
`=0

t`[P ′`+1(x)− P ′`−1(x)] .

Exis¸nontac, apodeiknÔetai h 1h ek twn (48).
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Sunart seic Legendre 2ou eÐdouc: ApoteloÔn th 2h anex�rthsh
lÔsh thc exÐswshc Legendre kai èqoun thn morf 

Q`(x) =
1
2
P`(x) ln

(
1 + x
1− x

)
−

`

∑
m=1

1
m

Pm−1(x)P`−m(x) , ` = 0, 1, . . . .

TeÐnoun sto �peiro stouc pìlouc thc sfaÐrac (gia x → ±1).
Merikèc ap' tic Q`(x) qamhl c t�xewc eÐnai:

Q0(x) =
1
2

ln
(

1 + x
1− x

)
,

Q1(x) =
x
2

ln
(

1 + x
1− x

)
− 1 ,

Q2(x) =
3x2 − 1

4
ln
(

1 + x
1− x

)
− 3x

2
.

Q3(x) =
5x3 − 3x

4
ln
(

1 + x
1− x

)
− 5x2

2
+

2
3

.

Oi Q`(x) eÐnai tetragwnik¸c oloklhr¸simec,
∫ 1
−1 dx Q2

` (x) < ∞.
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Lìgw thc sumperifor�c touc gia x = ±1, oi sunart seic Q`(x)
aporrÐptontai se pollèc probl mata wc fusik¸c mh apodektèc.
'Omwc prèpei na sumperilhfjoÔn se dÔo genikèc peript¸seic:

I Oi pìloi thc sfaÐrac den perimb�nontai sto pedÐo orismoÔ
tou fusikoÔ probl matoc, dhlad  θmin > 0 kai θmax < π.

I Stouc pìlouc up�rqei ìroc phg c an�logoc thc
δ(cos θ ± 1) o opoÐoc metatrèpei thn exÐswsh Laplace se
Poisson.

Sunart seic Q`(x) anaparÐstantai grafik� sto sq ma

-1 -0.5 0.5 1

-1

-0.5

0.5

1

1.5

Σχήμα: Γραφικά των συναρτήσεων Legendre Q`(x), n = 1, 2, 3.

Oi sunart seic Q`(x) upakoÔoun tic Ðdiec anadromikèc sqèseic
me ta polu¸numa Legendre.
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H genik  lÔsh tou axisummetrikoÔ probl matoc eÐnai

Ψ(r , θ) =
∞

∑
`=0

(
A`r

` +
B`

r `+1

)
P`(cos θ) +

(
C`r

` +
D`

r `+1

)
Q`(cos θ) .

(49)

I Oi 4 stajerèc akoloujÐec A`, B`, C` kai D` prosdiorÐzontai
ap' tic oriakèc sunj kec tou probl matoc.

I An den up�rqoun ìroi phg c kai oi pìloi thc sfaÐrac
an koun sto pedÐo orismoÔ tou probl matoc tìte
C` = D` = 0.

I An h arq  twn axìnwn r = 0   to r = ∞ perilamb�nontai
sto pedÐo orismoÔ tou probl matoc, tìte oi stajerèc
B` = D` = 0 kai A` = C` = 0 (ektìc apì ` = 0),
antÐstoiqa.
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Sfairikèc armonikèc

Sthn genikìterh perÐptwsh me ν 6= m 6= 0, ` > 0 kai akèraiouc
h DE

d
dx

(
(1− x2)

dΘ
dx

)
+
(

`(` + 1)− ν2

1− x2

)
Θ = 0 ,

epidèqetai wc lÔseic tic prosetairismènec sunart seic Legendre.

I Gia m > 0 orÐzontai wc

Pm
` (x) = (−1)m(1− x2)

m
2

dmP`(x)
dxm . (50)

I Gia m < 0 oi antikajistoÔme
d
dx
→
∫

dx .

'Omwc mporeÐ na deiqjeÐ ìti

P−m
` (x) = (−1)m

(`−m)!
(` + m)!

Pm
` (x) , (51)

opìte den prìkeitai gia anex�rthtec sunart seic.

56



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Orismìc: Oi sfairikèc armonikèc orÐzontai wc

Y m
` (θ, φ) = A`,mP |m|` (cosθ)e imφ , −` 6 m 6 ` , (52)

ìpou h stajer� kanonikopoÐhshc eÐnai

A`,m =

√
2` + 1

4π

(`−m)!
(` + m)!

.

An |m| > ` tìte Y m
` = 0.

Merikèc idiìthtec eÐnai:
I Periorismìc ston �xona z .

Y m
` (0, φ) =

√
2` + 1

4π
δm,0 . (53)

I EpÐshc

Y 0
` (θ, φ) =

√
2` + 1

4π
P`(cos θ) . (54)

I Oi sfairikèc armonikèc apoteloÔn b�sh thc
anapar�stashc thc om�dac summetrÐac SU(2) me
stroform  `.
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EÔkola apodeiknÔetai ìti:

I To migadikì suzugèc eÐnai

[Y m
` (θ, φ)]∗ = (−1)mY−m

` (θ, φ) . (55)

I K�tw ap' to metasqhmatismì artiìthtac

Y m
` (π − θ, φ + π) = (−1)`Y m

` (θ, φ) . (56)

O lìgoc eÐnai ìti oi Kartesianèc suntetagmènec

x = r sin θ cos φ , y = r sin θ sin φ , z = r cos θ ,

metasqhmatÐzontai wc

(x , y , z)→ −(x , y , z) ,

ìpwc kai armìzei se metasqhmatismì artiìthtac.

58



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Orjokanonikìthta kai plhrìthta: Ap' ton orismì me
kat�llhlec oloklhr¸seic kat� mèlh èqoume∫ 2π

0
dφ
∫ π

0
dθ sin θ Y m

` (θ, φ)[Y m′
`′ (θ, φ)]∗ = δ`,`′δm,m′ . (57)

H sqèsh plhrìthtac gr�fetai wc

∞

∑
`=0

`

∑
m=−`

Y m
` (θ, φ)[Y m

` (θ′, φ′)]∗ =
δ(θ − θ′)δ(φ− φ′)

sin θ
. (58)

Mia sun�rthsh Φ(θ, φ) mporeÐ na anaptuqjeÐ se sfairikèc
armonikèc ¸c

Φ(θ, φ) =
∞

∑
`=0

`

∑
m=−`

A`,mY m
` (θ, φ) . (59)

Oi suntelestèc thc an�ptuxhc eÐnai

A`,m =
∫ 2π

0
dφ
∫ π

0
dθ sin θ Φ(θ, φ)[Y m

` (θ, φ)]∗ . (60)
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Prosjetikì je¸rhma: Gia tic sfairikèc armonikèc isqÔei ìti

P`(cos γ) =
4π

2` + 1

`

∑
m=−`

Y m
` (θ, φ)[Y m

` (θ′, φ′)]∗ , (61)

ìpou
cos γ = cos θ cos θ′ + sin θ sin θ′ cos(φ− φ′) . (62)

Apìdeixh: 'Estw dÔo dianÔsmata x kai x′ me sfairikèc
suntetagmènec (r , θ, φ) kai (r ′, θ′, φ′), antÐstoiqa

x = r(sin θ cos φ, sin θ sin φ, cos θ) , x′ = r ′(sin θ′ cos φ′, sin θ′ sin φ′, cos θ′) .

I H metaxÔ touc gwnÐa eÐnai γ kai dÐnetai apì thn

cos γ =
x · x′
rr ′

.

To apotèlesma eÐnai h (62).
I QrhsimopoioÔme thn an�ptuxh se polu¸numa Legendre

1
|x− x′| =

∞

∑
`=0

r `
<

r `+1
>

P`(cos γ) ,

ìpou r< (r>) to mikrìtero (megalÔtero) metaxÔ twn r , r ′.
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I H Ðdia an�ptuxh prèpei na paÐrnei kai th morf 

1
|x− x′| =

∞

∑
`=0

A`
r `
<

r `+1
>

`

∑
m=−`

Y m
` (θ, φ)[Y m

` (θ′, φ′)]∗ .

Oi sfairikèc armonikèc èqoun eisaqjeÐ ¸ste na up�rqei
summetrÐa wc proc thn enallag  twn gwni¸n
(θ, φ)↔ (θ′, φ′).

I SugkrÐnontac èqoume th sqèsh

P`(cos γ) = A`

`

∑
m=−`

Y m
` (θ, φ)[Y m

` (θ′, φ′)]∗ , (63)

kai prèpei na prosdorÐsoume tic A`.

I An θ′ = 0, tìte γ = θ, opìte

P`(cos θ) = A`

`

∑
m=−`

Y m
` (θ, φ)[Y m

` (0, φ′)]∗ .
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I Qrhsimopoi¸ntac tic (53) kai (54), èqoume

P`(cos θ) = A`
2` + 1

4π
P`(cos θ) =⇒ A` =

4π

2` + 1
.

Antikajist¸ntac sthn (63) prokÔptei h (61).

Genik  lÔsh exÐswshc Laplace: An oi pìloi gia θ = 0, π eÐnai
omal� shmeÐa sto fusikì prìblhma pou meletoÔme, h genik 
lÔsh thc exÐswshc Laplace eÐnai

Ψ(r , θ, φ) =
∞

∑
`=0

`

∑
m=−`

(
A`,mr ` +

B`,m
r `+1

)
Y m

` (θ, φ) . (64)

An oi pìloi, eÐte den an koun sto pedÐo orismoÔ, eÐte
antistoiqoÔn se phgèc, tìte prèpei na gr�youme kai ìrouc me
tic prosetairismènec sunart seic Legendre Qm

` (θ, φ).
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Sfairikèc sunart seic Bessel
JewroÔme thn kumatik  exÐswsh

∇2Ψ =
1
c2 ∂2

t Ψ (65)

kai lÔseic thc morf c

Ψ(x, t) = Φ(x)e iωt =⇒ ∇2Φ + k2Φ = 0 , k =
ω

c
, (66)

pou eÐnai h exÐswsh Helmholtz. Jewr¸ntac lÔseic thc morf c

Ψ(r , θ, φ, t) = e iωtY m
` (θ, φ)

R(r)√
r

, (67)

brÐskoume ìti h R(r) upakoÔei thn exÐswsh Bessel ['Askhsh]

d2R
dr2 +

1
r

dR
dr

+

(
k2 −

(` + 1
2 )2

r2

)
R = 0 , (68)

me deÐkth ν = ` + 1
2 (hmiakèraioc).
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Oi sfairikèc sunart seic Bessel orÐzontai wc

j`(x) =
√

π

2x
J`+ 1

2
(x) ,

n`(x) = (−1)`+1
√

π

2x
J−`− 1

2
(x) . (69)

H genik  morf  touc eÐnai

j`(x) = a`(x) sin x + b`(x) cos x ,

n`(x) = −a`(x) cos x + b`(x) sin x , (70)

I Ta a` kai b` eÐnai polu¸numa dun�mewn tou 1/x t�xewc
` + 1 kai `, antÐstoiqa. Autì upagoreÔetai ap' to gegonìc
ìti J1/2 ∼ sin x/

√
x , J−1/2 ∼ cos x/

√
x .

I H uyhlìterhc t�xhc j`(x) genn¸ntai mèsw twn
anadromik¸n sqèsewn.
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I Gia x → 0, oi j` eÐnai peperasmènec, en¸ oi n` teÐnoun sto
�peiro.

I Merikèc sfairikèc sunart seic Bessel eÐnai oi:

j0(x) =
1
x

sin x ,

j1(x) =
1
x2 sin x − 1

x
cos x ,

j2(x) =
(

3
x3 −

1
x

)
sin x − 3

x2 cos x

kai

n0(x) = − 1
x

cos x ,

n1(x) = − 1
x2 cos x − 1

x
sin x ,

n2(x) = −
(

3
x3 −

1
x

)
cos x − 3

x2 sin x .
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Tropopoihmènec sfairikèc sunart seic Bessel:
Kat� analogÐa me tic sunart seic j`(x) n`(x) orÐzoume tic
tropopoihmènec sunart seic Bessel wc:

I 1ou eÐdouc

in(x) =
√

π

2x
In+ 1

2
(x) = i−njn(ix) . (71)

I 2ou eÐdouc

kn(x) =
√

π

2x
Kn+ 1

2
(x) = −inh(1)

n (ix) , (72)

ìpou h(1)
n (x) = jn(x) + inn(x).

I Oi idiìthtec kai h sumperifor� twn i`(x) kai k`(x)
brÐskontai eÔkola mèsw thc �meshc sqèshc touc me tic
tropopoihmènec sunart seic Bessel.

66



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

ENDEIKTIKA PARADEIGMATA

Par�deigma 1o

Ac anaptÔxoume th sun�rthsh

f (x) =
{

1 , 0 < x < 1
−1 , −1 < x < 0

}
, (73)

se seir� poluwnÔmwn Legendre.

I Genik� èqoume ìti

f (x) =
∞

∑
n=0

anPn(x) , an =
2n + 1

2

∫ 1

−1
dx f (x)Pn(x) . (74)

Sthn perÐptws  mac epeid  Pn(−x) = (−1)nPn(x) èqoume

an = (2n + 1)
∫ 1

0
dx Pn(x) , n = 1, 3, 5 . . . ,

kai mhdèn e�n n eÐnai �rtioc.
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I Ap' th genn tria sun�rthsh

1√
1− 2tx + t2

=
∞

∑
n=0

tnPn(x) ,

paÐrnoume oloklhr¸nontac kai ta dÔo mèlh

∞

∑
n=0

tn
∫ 1

0
dx Pn(x) =

∫ 1

0

dx√
1− 2tx + t2

=
√

1 + t2 + t − 1
t

= · · · = 1 +
∞

∑
n=0

√
π

2n! Γ(3/2−n)
t2n−1 ,

ìpou qrhsimopoi same thn an�ptuxh se seir� Taylor

(1 + z)q =
∞

∑
n=0

Γ(q + 1)
n!Γ(q + 1− n)

zn ,

gia q = 1
2 kai z = t2.

Oi leptomèreiec af nontai wc ['Askhsh].
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I SugkrÐnontac paÐrnoume ìti

∫ 1

0
dx Pn(x) =


√

π
2k ! Γ(3/2−k) = (−1)k−1(2k−3)!!

2kk !
, n = 2k − 1

1 , n = 0
0 , n = 2k

 ,

ìpou èqoume to sumbolismì

n!! =
{

1 · 3 · · · (2k + 1) , n = 2k + 1
2 · 4 · · · (2k) , n = 2k

}
.

I 'Ara oi mh mhdenikoÐ suntelestèc thc an�ptuxhc (74) se
seir� poluwnÔmwn Legendre eÐnai

a2k−1 = (4k − 1)
(−1)k−1(2k − 3)!!

2kk !
, k = 1, 2, . . . .
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Par�deigma 2o

Qrhsimopoi¸ntac th genn tria sun�rthsh twn poluwnÔmwn
Legendre ac upologÐsoume thn �peirh seir�

∞

∑
n=0

xn+1

n + 1
Pn(x) . (75)

I Oloklhr¸noume wc proc t thn genn tria sun�rthsh kai
paÐrnoume

∞

∑
n=0

xn+1

n + 1
Pn(x) =

∫ x

0

dt√
1− 2tx + t2

=

= sinh−1
(

x√
1− x2

)
=

1
2

ln
(

1 + x
1− x

)
.

Oi leptomèreiec af nontai wc ['Askhsh].
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Par�deigma 3o

Ac upologÐsoume th stajer�

dPn(x)
dx

∣∣∣
x=1
≡ P ′n(1) =

1
2
n(n + 1) , (76)

me touc akìloujouc trìpouc:

I Qrhsimopoi¸ntac ton tÔpo tou Rodrigues’ kai
paragwgÐzontac wc proc x

P ′n(x) =
1

2nn!
dn+1

dxn+1 [(x − 1)n(x + 1)n] .

Oi mh mhdenikèc suneisforèc gia x = 1 proèrqontai ìtan n
par�gwgoi anagkastik� na droÔn p�nw ston ìro (x − 1)n

kai mÐa ston ìro (x + 1)n.
Up�rqoun n + 1 tètoiec dunatìthtec, opìte

P ′n(1) =
n + 1
2nn!

[
dn

dxn (x − 1)n
]
x=1

[
d
dx

(x + 1)n
]
x=1

=
1
2
n(n+ 1) .
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I Ap' th genn tria sun�rthsh paragwgÐzontac wc x
paÐrnoume

∞

∑
n=0

tnP ′n(x) =
t

(1− 2tx + t2)3/2 ,

opìte gia t < 1

∞

∑
n=0

P ′n(1)tn =
t

(1− t)3
=

t
2

d2

dt2
1

1− t
=

∞

∑
n=0

n(n + 1)
2

tn .

SugkrÐnontac, apodeiknÔetai h (76).
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Par�deigma 4o

Qrhsimopoi¸ntac ton tÔpo tou Rodrigues ac apodeÐxoume ìti

In[f ] =
∫ 1

−1
f (x)Pn(x)dx =

(−1)n

2nn!

∫ 1

−1
(x2 − 1)n

dn

dxn f (x)dx . (77)

I Qrhsimopoi¸ntac ton tÔpo tou Rodrigues èqoume ìti

In[f ] =
1

2nn!

∫ 1

−1
f (x)

dn

dxn (x2 − 1)ndx

=
1

2nn!

∫ 1

−1
f (x)d

(
dn−1

dxn−1 (x2 − 1)n
)

.

I Oloklhr¸nontac kat� mèlh paÐrnoume

In[f ] =
1

2nn!

[
f (x)

dn−1

dxn−1 (x2 − 1)n
]1
−1

− 1
2nn!

∫ 1

−1
f ′(x)

dn−1

dxn−1 (x2 − 1)ndx .
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I O pr¸toc ìroc mhdenÐzete kai ètsi èqoume

In[f ] =
(−1)
2nn!

∫ 1

−1
f ′(x)

dn−1

dxn−1 (x2 − 1)ndx .

I EÐnai fanerì ìti met� apì n kat� par�gontec
oloklhr¸seic, katal goume sto

In[f ] =
(−1)n

2nn!

∫ 1

−1
(x2 − 1)n

dn

dxn f (x)dx ,

pou eÐnai to zhtoÔmeno.

Wc efarmog  tou prohgoumènou sumper�smatoc jètoume,
f (x) = xm, kai qrhsimopoioÔme ìti

dn

dxn xm = 0 , για m < n .

'Etsi prokÔptei ìti

Im,n = In[xm] =
∫ 1

−1
xmPn(x)dx = 0 , για m < n . (78)
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GENIKA ORJOGWNIA POLUWNUMA
Diaforetik� eÐdh orjogwnÐwn poluwnÔmwn moir�zontai koin�
qarakthristik�. EÐnai protimìtero loipìn na anaptÔxoume
genikìtera th sqetik  jewrÐa.

I JewroÔme th metablht  x ∈ [a, b] kai th legìmenh
sun�rthsh b�rouc h(x) > 0, ∀ x ∈ [a, b].

I OrÐzoume to eswterikì ginìmeno

〈f , g〉 =
∫ b

a
dx h(x)f (x)g(x) , (79)

gia dÔo sunart seic f kai g .
I Mèsw autoÔ orÐzetai to mètro thc sun�rthshc f

‖f ‖ = 〈f , f 〉1/2 > 0 . (80)

ParathroÔme ìti ex' orismoÔ 〈f , g〉 = 〈g , f 〉.
I Me touc parap�nw orismoÔc

‖1‖ =

√∫ b

a
dx h(x) < ∞ (απαιτείται σύγκλιση) . (81)
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Mèjodoc kataskeu c kai idiìthtec

H fusik  b�sh poluwnÔmwn èwc t�xh n, eÐnai ta 1, x , . . . , xn.
Me th mèjodo twn Gram–Schmidt kataskeu�zoume mia
orjokanonik  b�sh poluwnÔmwn P0(x), P1(x), . . . , Pn(x).

I OrÐzoume to pr¸to polu¸numo thc seir�c wc

P0(x) =
N 1/2

0
‖1‖ . (82)

I Ta megalÔterhc t�xhc polu¸numa orÐzontai ap' thn
anadromik  sqèsh

Pn+1(x) = xPn(x)−
n

∑
m=0

〈Pm, xPn〉
Nm

Pm(x) , (83)

ìpou Nn stajerèc kanonikopoÐhshc.

I Ek' kataskeu c
〈Pn,Pm〉 = Nnδn,m (84)

kai epÐshc ìti Pn(x) eÐnai ìntwc t�xhc n polu¸numa.
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Anadromik  sqèsh: Ta polu¸numa upakoÔoun anadromik 
sqèsh thc morf c

xPn(x) = AnPn(x) + BnPn+1(x) + CnPn−1(x) , (85)

me

Cn =
Nn
Nn−1

Bn−1 . (86)

Apìdeixh: En gènei ja èqoume mia sqèsh thc morf c

xPn(x) = AnPn(x) + BnPn+1(x) +
n−1

∑
m=0

Cn,mPm(x) .

I PaÐrnontac to eswterikì ginìmeno me to P` èqoume

〈P`, xPn〉 = N`

(
Anδn,` + Bnδn,`−1 + Cn,`

n−1

∑
m=0

δm,`

)
.
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I 'Omwc isqÔei ìti

〈P`, xPn〉 = 〈Pn, xP`〉 = Nn

(
A`δn,` + B`δ`,n−1 + C`,n

`−1

∑
m=0

δm,n

)
.

I ExeidikeÔontac thn parap�nw

` = n + 1 : Nn+1Bn = Cn+1,nNn =⇒ Cn+1,n =
Nn+1
Nn

Bn

` > n + 2 : 0 = C`,nNn =⇒ C`,n = 0 .

H (85) apodeiknÔetai jètontac th stajer� Cn = Cn,n−1.

78



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Sqèseic metaxÔ stajer¸n: Oi stajerèc An, Bn kai Cn sthn
anadromik  sqèsh (85) sqetÐzontai me touc treÐc uyhlìterhc
t�xhc ìrouc tou poluwnÔmou Pn(x). 'Estw ìti

Pn(x) = αnxn + βn−1xn−1 + γn−2xn−2 + · · · . (87)

Antikajist¸ntac kai exis¸nontac touc ìrouc t�xewc xn+1, xn

kai xn−1 paÐrnoume 3 exis¸seic gia tic An, Bn kai Cn ['Askhsh]

αn = Bnαn+1 , βn−1 = Anαn + Bnβn , γn−2 = Anβn−1 + Bnγn−1 + Cnαn−1 . (88)

me lÔsh

An =
αn+1βn−1 − αnβn

αnαn+1
,

Bn =
αn

αn+1
, (89)

Cn =
αn+1γn−2 − αnγn−1

αn−1αn+1
− αn+1βn−1 − αnβn

αn−1αnαn+1
βn−1 .

Ap' thn (86) brÐskoume to lìgo Nn/Nn−1 kai th stajer�
kanonikopoÐhshc Nn (ektìc apì mia pollaplasiastik  staj.).
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O tÔpoc twn Darboux–Christoffel: MporeÐ na apodeiqjeÐ ìti

n

∑
k=0

Pk (x)Pk (y)
Nk

=
αn

αn+1

√
1

NnNn+1

Pn+1(x)Pn(y)− Pn(x)Pn+1(y)
x − y

.

(90)

Autìc mporeÐ na ennohjeÐ kai wc mia atel c morf  thc sqèshc
plhrìthtac.
Aut  isqÔei pragmatik� mìno sto ìrio n→ ∞.

Sthn perÐptwsh pou x = y qrhsimopoi¸ntac ton kanìna l’
Hopital èqoume

n

∑
k=0

[Pk (x)]2

Nk
=

αn
αn+1

√
1

NnNn+1

(
Pn(x)P ′n+1(x)− P ′n(x)Pn+1(x)

)
.

(91)
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Poluwnumikèc RÐzec: 'Ena tuqaÐo polu¸numo èqei pragmatikèc
kai migadikèc rÐzec akìma kai an suntelestèc tou eÐnai
pragmatikoÐ arijmoÐ.
'Omwc gia ta orjog¸nia polu¸numa ìpwc ta èqoume orÐsei
mporeÐ na apodeiqjeÐ ìti:

I 'Olec oi rÐzec enìc poluwnÔmou Pn(x) eÐnai pragmatikèc,
diakritèc kai entìc tou pedÐou orismoÔ tou, x ∈ [a, b].

I Oi rÐzec tou Pn(x) eÐnai metaxÔ aut¸n tou amèswc
megalutèrou se t�xh Pn+1(x).

p.q. Gia ta polu¸numa Legendre

P3(x) =
5x3 − 3x

2
= 0 ⇒ x = −0.775, 0, 0.775 .

kai

P4(x) =
35x4 − 30x2 + 3

8
= 0 ⇒ x = −0.861,−0.340, 0.340, 0.861 ,

ta parap�nw epalhjeÔontai.
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Orjog¸nia polu¸numa kai DE

Upì sugkekrimènec sunj kec DE tou tÔpou Sturm–Liouville

d
dx

(
f (x)

dΦ(x)
dx

)
+ Eh(x)Φ(x) = 0 , (92)

èqoun ¸c eidikèc lÔseic orjog¸nia polu¸numa me sun�rthsh
b�rouc h(x). OrÐzoume pr¸ta tic sunart seic

Q = f /h , L = f ′/h ⇐⇒ f = e
∫

dxL/Q , h =
1
Q

e
∫

dxL/Q ,

opìte h DE gr�fetai wc

QΦ′′ + LΦ′ + EΦ = 0 . (93)

Mia anagkaÐa sunj kh gia na èqoume poluwnumikèc lÔseic eÐnai

Q(x) = ax2 + bx + c , L(x) = γx + δ ,

dhlad  na eÐnai tetragwnik  kai grammik  sun�rthsh,
antÐstoiqa.
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Peraitèrw diakrÐnoume:

I Oi stajerèc a 6= 0, γ 6= 0 kai èqoun to Ðdio prìshmo. Oi
rÐzec thc Q(x) = 0 eÐnai pragmatikèc kai diakritèc kai h
rÐza thc L(x) = 0 brÐsketai metaxÔ twn.
p.q. ta polu¸numa Legendre kai oi genikeÔseic touc ta
polu¸numa Jacobi.

I Oi stajerèc a = 0, b 6= 0, γ 6= 0 kai oi rÐzec twn Q(x) = 0
kai L(x) = 0 eÐnai diaforetikèc. To prìshmo twn b kai α
eÐnai Ðdio   antÐjeto an�loga me to an rÐza thc Q(x) = 0
eÐnai megalÔterh   mikrìterh ap' th rÐza thc L(x) = 0.
p.q. ta polu¸numa Laguerre.

I Oi stajerèc a = b = 0, γ 6= 0 kai c kai γ èqoun antÐjeta
prìshma.
p.q. ta polu¸numa Hermite.

H sun�rthsh Bessel den an kei se kammÐa ap' tic anwtèrw
kathgorÐec kai den èqei poluwnumikèc lÔseic.
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TÔpoc tou Rodrigues: OrÐzoume ta genikeumèna polu¸numa

Pn(x) =
Mn
h(x)

dn

dxn

(
h(x)[Q(x)]n

)
, (94)

ìpou h stajer� analogÐacMn sqetÐzetai me thn stajer�
kanonikopoÐhshc tou eswterikoÔ ginomènou Nn.

Kb�ntwsh thc idiotim c E : Apait¸ntac ta polu¸numa ìpwc
orÐsjhkan mèsw tou tÔpou tou Rodrigues na ikanopoioÔn th DE,
brÐskoume ìti

En = −n [a(n− 1) + γ] , n = 0, 1, 2, . . . . (95)

84



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

O suntomìteroc trìpoc na deiqjeÐ h parap�nw kb�ntwsh thc
stajer�c E , eÐnai na parathr soume ìti an èqoume
poluwnumik  lÔsh thc morf c Ψ = akxk + · · ·+ amxm, tìte:

I o ìroc an¸terhc t�xhc ja ikanopoieÐ thn(
ax2 d2

dx2 + γx
d
dx

+ E
)

xk = 0 =⇒ ak(k − 1) + γk + E = 0 ,

me lÔsh

k =
a− γ±

√
(a− γ)2 − 4aE
2a

.

I AntÐstoiqa gia ton ìro kat¸terhc t�xhc ja èqoume

c
d2

dx2 xm = 0 =⇒ m = 0 .

I Epeid  h lÔsh eÐnai poluwnumik  ja prèpei h diafor�
k −m na eÐnai ènac mh arnhtikìc akèraioc n = 0, 1, . . . .
EpilÔontac gia thn E brÐskoume thn (95).
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Polu¸numa Jacobi
Se aut  thn perÐptwsh èqoume th DE tou Jacobi

(1− x2)y ′′ + (β− α− (α + β + 2)x)y ′ + Ey = 0 , x ∈ [−1, 1] . (96)

SÔmfwna me th genik  jewrÐa

Q(x) = 1− x2 , L(x) = β− α− (α + β + 2)x ,

ap' tic opoÐec upologÐzoume tic sunart seic gia thn DE
Sturm–Liouville

f (x) = (1− x)1+α(1 + x)1+β , h(x) = (1− x)α(1 + x)β ,

me tic opoÐec h (96) gr�fetai sth morf  Sturm–Liouville. Gia na
èqoume poluwnumikèc lÔseic prèpei α, β > −1 gia na sugklÐnei

to
∫ 1
−1 dx h(x) kai

E = En = n(n + α + β + 1) , n = 0, 1, . . . .

86



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Orismìc twn poluwnÔmwn Jacobi ap' ton tÔpo tou Rodrigues

P(α,β)
n (x) =

(−1)n

2nn!
(1− x)−α(1 + x)−β dn

dxn

[
(1− x)α+n(1 + x)β+n

]
.

(97)

I Qrhsimopoi¸ntac ton brÐskoume ìti

P(α,β)
n (x) =

1
2n

n

∑
m=0

(
n + α
m

)(
n + β
n−m

)
(x − 1)n−m(x + 1)m .

I Me ton parap�nw orismì èqoume th sqèsh
orjokanonikìthtac∫ 1

−1
dx(1− x)α(1 + x)βP(α,β)

n (x)P(α,β)
m (x) = Nn δn,m ,

me th stajer� kanonikopoÐhshc

Nn =
Γ(α + 1 + n)Γ(β + 1 + n)2α+β+1+n

Γ(n + 1)Γ(α + β + 1 + n)(α + β + 2 + 2n)
.
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Merikèc idiìthtec eÐnai:

I Idiìthta parag¸gishc

dk

dxk P(α,β)
n (x) =

Γ(α + β + n + 1 + k)
2kΓ(α + β + n + 1)

P(α+k,β+k)
n−k (x) ,

dhlad  h par�gwgoc metabib�zei se epìmenh seir�
((α, β)→ (α + k , β + k)) poluwnÔmwn en¸ tautìqrona
upobib�zei thn t�xh touc (n→ n− k).

I Anadromik  sqèsh sthn t�xh n

2(n + 1)(n + α + β + 1)(2n + α + β)P(α,β)
n+1 (x)

= [(2n + α + β + 1)(α2 − β2) + (2n + α + β)3x ]P(α,β)
n (x)

−2(n + α)(n + β)(2n + α + β + 2)P(α,β)
n−1 (x),

ìpou (m)n eÐnai to sÔmbolo Polheimer

(m)n = m(m + 1) . . . (m + n− 1) =
(m + n− 1)!

(m− 1)!
.
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I Anadromik  sqèsh stouc deÐktec (α, β)

P(α+1,β)
n (x) =

2
2n + α + β + 2

(n + α + 1)P(α,β)
n (x)− (n + 1)P(α,β)

n+1 (x)
1− x

.

I Me an�ptuxh tou aristeroÔ mèlouc kai qr sh tou orismoÔ
apodeiknÔetai ìti h genn tria sun�rthsh eÐnai

2α+βR−1(1− t + R)−α(1 + t + R)−β =
∞

∑
n=0

P(α,β)
n (x)tn , (98)

ìpou
R =

√
1− 2xt + t2 .

I EÔkola apodeiknÔetai o metasqhmatismìc artiìthtac

P(α,β)
n (−x) = (−1)nP(β,α)

n (x) . (99)

I Ta polu¸numa Legendre eÐnai eidik  perÐptwsh twn
poluwnÔmwn Jacobi ìtan α = β = 0, dhlad 

Pn(x) = P(0,0)
n (x) .

'Olec oi sqèseic gia ta polu¸numa Legendre prokÔptoun
apì antÐstoiqec twn poluwnÔmwn Jacobi ['Askhsh].
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Polu¸numa Gegenbauer
Aut� apoteloÔn eidik  perÐptwsh twn poluwnÔmwn Jacobi me
α = β→ α− 1/2 kai orÐzontai wc

C (α)
n (x) =

Γ(2α + n)Γ(α + 1/2)
Γ(2α)Γ(α + n + 1/2)

P(α−1/2,α−1/2)
n (x) . (100)

Se aut  thn perÐptwsh èqoume th DE

(1− x2)y ′′ − (2α + 1)xy ′ + Ey = 0 , x ∈ [−1, 1] . (101)

SÔmfwna me th genik  jewrÐa

Q(x) = 1− x2 , L(x) = −(2α + 1)x ,

ap' tic opoÐec upologÐzoume tic sunart seic gia thn DE
Sturm–Liouville

f (x) = (1− x2)α+1/2 , h(x) = (1− x2)α−1/2 .
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I Gia poluwnumikèc lÔseic prèpei α > −1/2 ¸ste na

sugklÐnei to
∫ 1
−1 dx h(x) kai

E = En = n(n + 2α) , n = 0, 1, . . . .

I H genn tria sun�rthsh eÐnai

1
(1− 2tx + t2)α

=
∞

∑
n=0

C (α)
n (x)tn . (102)

I Για α = 1/2 παίρνουμε τα πολυώνυμα Legendre Pn(x).
I Για α = 1 παίρνουμε τα πολυώνυμα Chebyshev 2ου είδους

Un(x).
I Ap' th genn tria sun�rthsh èqoume gia to

metasqhmatismì artiìthtac

C (α)
n (−x) = (−1)nC (α)

n (x) . (103)
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I Idiìthta gia thn par�gwgo

C (α+1)
n (x) =

1
2α

dC (α)
n+1(x)
dx

,

dhlad  h par�gwgoc dÐnei mac metabib�zei se epìmenh
seir� (α→ α + 1) poluwnÔmwn en¸ tautìqrona upobib�zei
thn t�xh touc (n + 1→ n).

I Piì genik�, eÔkola apodeiknÔetai ìti

C (α+m)
n (x) =

Γ(α)
2mΓ(α + m)

dmC (α)
n+m(x)
dxm ,

I Anadromik  sqèsh

(n + 1)C (α)
n+1(x) = 2(n + α)xC (α)

n (x)− (n + 2α− 1)C (α)
n−1(x) .

Aut  mporeÐ na apodeiqjeÐ me qr sh thc genn triac
sun�rthshc ['Askhsh].
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Merik� polu¸numa Gegenbauer

C (α)
1 (x) = 2αx ,

C (α)
2 (x) = 2α(α + 1)x2 − α ,

C (α)
3 (x) =

4
3

α(α + 1)(α + 2)x3 − 2α(α + 1)x ,

C (α)
4 (x) =

2
3

α(α + 1)(α + 2)(α + 3)x4 − 2α(α + 1)(α + 2)x2 +
1
2

α(α + 1) .
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Polu¸numa Hermite
Se aut  thn perÐptwsh èqoume th DE tou Hermite

y ′′ − 2xy ′ + Ey = 0 , −∞ < x < ∞. (104)

SÔmfwna me th genik  jewrÐa

Q(x) = 1 , L(x) = −2x ,

ap' tic opoÐec upologÐzoume tic suart seic thc DE
Sturm–Liouville

f (x) = h(x) = e−2
∫

dxx = e−x2
.

Gia na èqoume poluwnumikèc lÔseic prèpei

E = En = 2n , n = 0, 1, . . . .

To polu¸numa Hermite paÐzoun kentrikì rìlo sth melèth tou
armonikoÔ talantwt  sta plaÐsia thc Kbantik c Mhqanik c.
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TÔpoc tou Rodrigues pou orÐzei ta polu¸numa Hermite eÐnai

Hn(x) = (−1)nex2 dn

dxn

(
e−x2

)
. (105)

Qrhsimopoi¸ntac ton brÐskoume ìti

Hn(x) =
[n/2]

∑
m=0

(−1)m2n−2m n!
m!(n− 2m)!

xn−2m

= 2nxn − 2n−2n(n− 1)xn−2 + . . . . (106)

Me ton parap�nw orismì èqoume apì th genik  jewrÐa gia thn
stajer� kanonikopoÐhshc

Nn =
√

π2nn! ,

stic sqèseic orjokanonikìthtac∫ ∞

−∞
dx e−x2

Hn(x)Hm(x) =
√

π2nn! δn,m (107)

kai plhrìthtac

∞

∑
n=0

Hn(x)Hn(y)√
π2nn!

= ex2
δ(x − y) . (108)
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Mi� sun�rthsh ja anaptÔssetai wc

f (x) =
∞

∑
n=0

anHn(x) =⇒ an =
1√

π2nn!

∫ ∞

−∞
dx e−x2

f (x)Hn(x) .

(109)

Metasqhmatismìc artiìthtac: EÔkola apodeiknÔetai ìti

Hn(−x) = (−1)nHn(x) . (110)

Genn tria sun�rthsh: Me an�ptuxh tou aristeroÔ mèlouc kai
qr sh tou orismoÔ apodeiknÔetai ìti

e−t2+2tx =
∞

∑
n=0

Hn(x)
n!

tn . (111)
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Anadromikèc sqèseic: Me th bo jeia thc genn triac sun�rthshc

H ′n(x) = 2nHn−1(x) ,

2xHn(x) = Hn+1(x) + 2nHn−1(x) .

MporeÐ na epalhjeujeÐ h 2h ek twn �nw sqèsewn,
qrhsimopoi¸ntac thn (89) kai thn an�ptuxh (106) ['Askhsh].

Merik� polu¸numa Hermite

H1(x) = 2x ,

H2(x) = 4x2 − 2 ,

H3(x) = 8x3 − 12x ,

H4(x) = 16x4 − 48x2 + 12 .

Oi idiìthtec pou anafèrjhkan prohgoumènwc mporoÔn na
enegqjoÔn me qr sh aut¸n twn poluwnÔmwn.
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Polu¸numa Laguerre
Se aut  thn perÐptwsh èqoume th DE tou Laguerre

xy ′′ + (α + 1− x)y ′ + Ey = 0 , 0 6 x < ∞. (112)

SÔmfwna me th genik  jewrÐa

Q(x) = x , L(x) = α + 1− x ,

ap' tic opoÐec upologÐzoume tic sunart seic thc DE
Sturm–Liouville

f (x) = xα+1e−x , h(x) = xαe−x .

Gia na èqoume poluwnumikèc lÔseic prèpei α > −1 kaj¸c kai

E = En = n , n = 0, 1, . . . .

To polu¸numa Laguerre paÐzoun kentrikì rìlo sth melèth tou
atìmou tou udrogìnou sta plaÐsia thc Kbantik c Mhqanik c.
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I TÔpoc tou Rodrigues pou orÐzei ta polu¸numa Laguerre
eÐnai

Lα
n(x) =

1
n!

exx−α dn

dxn

(
e−xxn+α

)
. (113)

I Qrhsimopoi¸ntac ton brÐskoume ìti

Lα
n(x) =

n

∑
m=0

(−1)m
(n + α)!

(n−m)!(m + α)!
xm

m!
.

=
(−1)n

n!
xn − (−1)n

n + α

(n− 1)!
xn−1

(114)

+(−1)n
(n + α)(n + α− 1)

2(n− 2)!
xn−2 + . . . .

I 'Eqoume ap' th genik  jewrÐa gia th stajer�
kanonikopoÐhshc

Nn =
Γ(α + n + 1)

Γ(n + 1)
.

I Sqèsh orjokanonikìthtac∫ ∞

0
dx xαe−xLα

n(x)Lα
m(x) =

Γ(α + n + 1)
Γ(n + 1)

δn,m (115)
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I Sqèsh plhrìthtac

∞

∑
n=0

Γ(n + 1)
Γ(α + n + 1)

Lα
n(x)Lα

n(y) = x−αex δ(x − y) . (116)

I Mi� sun�rthsh ja anaptÔssetai wc

f (x) =
∞

∑
n=0

anLα
n(x) , (117)

me touc suntelestèc na dÐnontai ap' thn

an =
Γ(n + 1)

Γ(α + n + 1)

∫ ∞

0
dx xαe−x f (x)Lα

n(x) .
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I Me an�ptuxh tou aristeroÔ mèlouc kai qr sh tou orismoÔ
apodeiknÔetai h genn tria sun�rthsh

(1− t)−α−1 exp
(

tx
t − 1

)
=

∞

∑
n=0

Lα
n(x)tn . (118)

I Anadromikèc sqèseic: Me th bo jeia thc genn triac
sun�rthshc mporoÔn na deiqjoÔn oi

dLα
n(x)
dx

−
dLα

n+1(x)
dx

= Lα
n(x) ,

dLα
n(x)
dx

= −Lα+1
n−1(x) ,

xLα
n(x) = −(n + 1)Lα

n+1(x) + (2n + α + 1)Lα
n(x)− (n + α)Lα

n−1(x) .

Wc ['Askhsh] epalhjeÔste thn 3h twn �nw sqèsewn,
qrhsimopoi¸ntac thn (89) kai thn an�ptuxh (114).

I Shmei¸nw epÐshc thn endiafèrousa anadromik  sqèsh

n

∑
m=0

Lk
m(x) = Lk+1

n (x) . (119)
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Oriakèc peript¸seic: IsqÔoun ta akìlouja ìria gia ta
polu¸numa Laguerre:
Sqèsh me ta polu¸numa Jacobi

Lα
n(x) = lim

β→∞
P(α,β)

n

(
1− 2

x
β

)
. (120)

Apìdeixh: JewroÔme thn DE Jacobi

(1− z2)y ′′ + (β− α− (α + β + 2)z)y ′ + n(n + α + β + 1)y = 0 .

I AntikajistoÔme z = 1− 2x/β diairoÔme me β kai paÐrnoume(
x − x2

β

)
y ′′ +

(
1 + α− α + 2 + β

β
x
)

y ′ +
n(n + α + β + 1)

β
y = 0 ,

ìpou h par�gwgoc eÐnai wc proc x .
I Sto ìrio β→ ∞ aut  gÐnetai h (112) h DE twn

poluwnÔmwn Lagguerre. EpÐshc 0 6 x < ∞.

I 'Ara h sqèsh (120) isqÔei ektìc Ðswc apì mi�
pollaplasiastik  stajer�.
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I JewroÔme ton tÔpo tou Rodrigues twn poluwnÔmwn Jacobi

P(α,β)
n (z) =

(−1)n

2nn!
(1− z)−α(1 + z)−β dn

dzn

[
(1− z)α+n(1 + z)β+n

]
.

Antikajist¸ntac z = 1− 2x/β kai qrhsimopoi¸ntac ìti

lim
β→∞

(
1− x

β

)β+n
= e−x , lim

β→∞

(
1− x

β

)−β

= ex ,

briskoume ton tÔpo tou Rodrigues twn poluwnÔmwn Laguerre
(113) kai apodeiknÔetai h (120).

Sqèsh me tic sunart seic Bessel

lim
n→∞

[
n−αLα

n

(x
n

)]
= x−

α
2 Jα(2

√
x) . (121)

Apìdeixh: AntikajistoÔme sthn (114) x → x/n kai
qrhsimopoi¸ntac ton tÔpo tou Stirling

(n + a)! ' e−nnn+a ,

brÐskoume ìti gia n� 1

Lα
n

(x
n

)
' nα

∞

∑
m=0

(−1)mxm

(m + α)!m!
= nαx−

α
2 Jα(2

√
x) .
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Merik� polu¸numa Laguerre:

L(α)
1 (x) = 1 + α− x ,

L(α)
2 (x) =

x2

2
− (α + 2) x +

α2 + 3α + 2
2

,

L(α)
3 (x) = −x3

6
+

α + 3
2

x2 − α2 + 5α + 6
2

x +
α3 + 6α2 + 11α + 6

6
.
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Polu¸numa Chebyshev
Ta polu¸numa Chebyshev 1ou eÐdouc Tn(x) eÐnai eidik 
perÐptwsh twn poluwnÔmwn Jacobi me α = β = −1/2

Tn(x) =
22n(n!)2

(2n)!
P(− 1

2 ,− 1
2 )

n (x) . (122)

I H antÐstoiqh DE exÐswsh eÐnai

(1− x2)y ′′ − xy ′ + n2y = 0 , n = 0, 1, . . . , −1 6 x 6 1 ,

ap' thn opoÐa eÔkola brÐskoume tic sunart seic

f (x) = (1− x2)1/2 , h(x) = (1− x2)−1/2 , (123)

thc isodÔnamhc Sturm–Liouville DE.
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I H parap�nw DE èqei wc 2h anex�rthth lÔsh tic
sunart seic

√
1− x2Un(x), ìpou Un(x) ta polu¸numa

Chebyshev 2ou eÐdouc.

I Ta polu¸numa Un(x) upakoÔoun epÐshc th DE

(1− x2)y ′′− 3xy ′+n(n+ 2)y = 0 , n = 0, 1, . . . , −1 6 x 6 1 ,
(124)

ap' thn opoÐa eÔkola brÐskoume tic sunart seic

f (x) = (1− x2)3/2 , h(x) = (1− x2)1/2 . (125)

thc isodÔnamhc Sturm–Liouville DE.
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TÔpoc tou Rodriguez: 'Eqoume

Tn(x) = (−1)n
√

1− x2

(2n− 1)!!
dn

dxn

[
(1− x2)n−

1
2

]
(126)

kai

Un(x) = (−1)n
n + 1√

1− x2(2n + 1)!!

dn

dxn

[
(1− x2)n+ 1

2

]
. (127)

Genn triec sunart seic: 'Eqoume

1− t2

1− 2tx + t2
=

∞

∑
n=0

Tn(x)tn , (128)

kai
1

1− 2tx + t2
=

∞

∑
n=0

Un(x)tn . (129)
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Merik� apì ta polu¸numa Chebyshev eÐnai:

T0(x) = 1 , T1(x) = x , T2(x) = −1 + 2x2 , T3(x) = −3x + 4x3 ,

U0(x) = 1 , U1(x) = 2x , U2(x) = −1 + 4x2 , U3(x) = −4x + 8x3

Sqèsh me trigwnometrikèc sunart seic: OrÐzoume th gwnÐa

θ = cos−1 x , θ ∈ [0, π] .

I Gia ta polu¸numa Chebyshev 1ou eÐdouc isqÔei ìti

Tn(x) = cos(nθ) =
[ n2 ]

∑
m=0

(−1)m
(

n
2m

)
xn−2m(1− x2)m .

= 2n−1xn − 2n−3nxn−2 + . . . . (130)

I Me qr sh stoiqei¸douc trigwnometrÐac apodeiknÔetai ìti

Tn(Tm(x)) = Tm(Tn(x)) = Tnm(x) = Tmn(x) . (131)
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I ParomoÐwc gia polu¸numa Chebyshev 2ou eÐdouc isqÔei ìti

Un(x) =
sin[(n + 1)θ]

sin θ
=

[ n2 ]

∑
m=0

(−1)m
(

n + 1
2m + 1

)
xn−2m(1− x2)m

= 2nxn − 2n−2(n− 1)xn−2 + . . . . (132)

I Epeid 

θ(x) = cos−1 x =⇒ θ′(x) =
1√

1− x2
=

1
sin θ

,

èqoume thn tautìthta

T ′n(x) = nUn−1(x) , U ′n(x) = 2C (2)
n−1(x) , (133)

ìpou C (α)
n (x) to polu¸numo Gegenbauer.

H sumpl rwsh twn anagkaÐwn bhm�twn proc apìdeixh twn
parap�nw idiot twn af netai wc ['Askhsh].
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Anadromikèc sqèseic: EÐte mèsw thc genn triac sun�rthshc,
eÐte me thn parap�nw an�ptuxh kai th genik  jewrÐa

2xTn(x) = Tn+1(x) + Tn−1(x) ,

me mia Ðdia sqèsh gia gia ta Un(x) ['Askhsh]. EpÐshc apì
trigwnometrikèc tautìthtec brÐskoume ìti

Tn(x) = Un(x)− xUn−1(x) ,

(1− x2)Un−1(x) = xTn(x)− Tn+1(x) .

Stajer� kanonikopoÐhshc: Qrhsimopoi¸ntac th metablht 
θ = cos−1 x brÐskoume ìti∫ 1

−1

dx√
1− x2

Tn(x)Tm(x) = Nn δn,m , N0 = π , Nn>1 =
π

2
kai ∫ 1

−1
dx
√

1− x2 Un(x)Um(x) = Nn δn,m , Nn =
π

2
.

Ektìc ap' th qr sh touc se jewrhtik� probl mata, ta
polu¸numa Chebyshev eÐnai qrhsimìtata kai sthn an�ptuxh
proseggistik¸n mejìdwn giatÐ èqoun en gènei grhgorìterec
idiìthtec sÔgklishc ap' tic trigwnometrikèc sunart seic.
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Upergewmetrik  exÐswsh kai upergewmetrik  sun�rthsh

Ta parap�nw orjog¸nia polu¸numa kai oi DE pou upakoÔoun
apoteloÔn eidikèc peript¸seic thc upergewmetrik c exÐswshc

x(1− x)y ′′ + [γ− (α + β + 1)x ]y ′ − αβy = 0 , α, β, γ ∈ C (134)

kai twn lÔsewn thc

I Ap' th genik  jewrÐa twn DE 2hc t�xhc aut  èqei trÐa
sun jh an¸mala shmeÐa sta x = 0, 1 kai ∞.
Apìdeixh: H DE (134) eÐnai thc morf c

y ′′(x) + p(x)y ′(x) + q(x)y(x) = 0 .

me

p(x) =
γ− (α + β + 1)x

x(1− x)
, q(x) = − αβ

x(1− x)
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I 'Eqoume

lim
x→0

xp(x) = γ and lim
x→0

x2q(x) = 0 ,

lim
x→1

(x − 1)p(x) = α + β + 1− γ and lim
x→1

(x − 1)2q(x) = 0 ,

lim
x→∞

xp(x) = 0 and lim
x→∞

x2q(x) = 0 ,

pou apodeiknÔoun to zhtoÔmeno.

An�ptuxh se dunamoseir�: AnaptÔssontac gÔrw ap' to shmeÐo
x = 0 se dunamoseir�

y1(x) =
∞

∑
n=0

anxn , (135)

paÐrnoume thn anadromik  sqèsh ['Askhsh]

an+1 =
(n + a)(n + b)
(n + 1)(n + c)

an.
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I EpilÔont�c th ['Askhsh] brÐskoume th 1h anex�rthth lÔsh

y1(x) = 2F1(α, β, γ, x) , (136)

ìpou

2F1(α, β, γ, x) =
Γ(γ)

Γ(α)Γ(β)

∞

∑
n=0

Γ(α + n)Γ(β + n)
Γ(γ + n)

xn , (137)

eÐnai h Upergewmetrik  sun�rthsh.
I Η κανονικοποίηση είναι τέτοια ώστε

2F1(α, β, γ, 0) = 1 .

I Ισχύει η ιδιότητα συμμετρίας

2F1(α, β, γ, x) = 2F1(β, α, γ, x) .

H 2h anex�rthth lÔsh brÐsketai me an�ptuxh thc morf c

y2(x) = x1−γ
∞

∑
n=0

bnxn . (138)

Aut  mèsw thc upergewmetrik c sun�rthshc eÐnai

y2(x) = x1−γ
2F1(α− γ + 1, β− γ + 1, 2− γ, x) . (139)
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Parathr seic:

I Oi qarakthristikoÐ ekjètec thc upergewmetrik c exÐswshc
sta shmeÐa x = 0, 1 kai ∞ eÐnai: (0, 1− γ), (0, γ− α− β)
kai (α, β), antÐstoiqa ['Askhsh].

I An eÐte h par�metroc α eÐte h β isoÔtai me arnhtikì
akèraio −n, h Upergewmetrik  sun�rthsh eÐnai apl� èna
polu¸numo t�xewc n.
Sugkekrimènec sqèseic me ta eidik� polu¸numa pou èqoume
melet sei ja dojoÔn argìtera.

I H parap�nw lÔsh den isqÔei gia ìlec tic timèc twn
stajer¸n α, β kai γ. 'Hdh ap' ton orismì an γ = −n,
n = 0, 1, . . . h an�ptuxh se seir� den eÐnai kal¸c orismènh.
Shmei¸ste epÐshc thn idiìthta

2F1(α, β, γ, 1) =
Γ(γ)Γ(γ− α− β)
Γ(γ− α)Γ(γ− β)

.

An γ = −n   γ− α− β = −n, n = 0, 1, . . . , tìte h
an�ptuxh se seir� (137) den isqÔei.

114



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Oloklhrwtik  anapar�stash: MporeÐ na apodeiqjeÐ ìti:

2F1(α, β, γ, x) =
Γ(γ)

Γ(β)Γ(γ− β)

∫ 1

0
dt tβ−1(1− t)γ−β−1(1− tx)−α ,

Re(γ) > Re(β) > 0 , (140)

kaj¸c kai mia antÐstoiqh anapar�stash me α←→ β.
MetasqhmatismoÐ kai analutik  epèktash: Qrhsimopoi¸ntac
thn parap�nw oloklhrwtik  anapar�stash mporeÐ na
apodeiqjeÐ ìti:

2F1(α, β, γ, x) = (1− x)γ−α−β
2F1(γ− α, γ− β, γ, x) ,

2F1(α, β, γ, x) =
Γ(γ)Γ(γ− α− β)
Γ(γ− α)Γ(γ− b) 2F1(α, β, α + β− γ + 1, 1− x)

+(1− x)γ−α−β Γ(γ)Γ(α + β− γ)
Γ(α)Γ(β) 2F1(γ− α, γ− β, γ− α− β + 1, 1− x) ,

AutoÐ kai �lloi parìmoioi metasqhmatismoÐ apeikonÐzoun thn
perioq  entìc tou monadiaÐou dÐskou ston eautì thc.
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'Alloi metasqhmatismoÐ ìpwc o

2F1(α, β, γ, x) =
Γ(γ)Γ(γ− α− β)
Γ(γ− α)Γ(γ− β)

x−α

× 2F1(α, α− γ + 1, α + β− γ + 1, 1− 1/x)

=
Γ(γ)Γ(α + β− γ)

Γ(α)Γ(β)
(1− x)γ−α−β xα−γ

× 2F1(γ− α, 1− α, γ− α− β + 1, 1− 1/x)

apeikonÐzoun to eswterikì tou monadiaÐou dÐskou sto exwterikì
tou kai antistrìfwc.
Oi parap�nw sqèseic eÐnai metasqhmatismoÐ analutik c
epèktashc.
Peript¸seic ìpou γ = α + β + m   β = α + m, m ∈ Z: Stic
peript¸seic autèc h Upergewmetrik  sun�rthsh den eÐnai pia
analutik  sth geitoni� tou x = 1 kai tou x = 0 all� èqei mia
kal¸c orismènh èkfrash pou den ja apotup¸soume ed¸.
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Ap' ta prohgoÔmena eÐnai profanèc ìti oi lÔseic exart¸ntai
ap' tic stajerèc α, β kai γ. Prosektik  an�lush odhgeÐ se
di�forec peript¸seic:

I OudemÐa ap' tic γ, γ− α− β kai α− β eÐnai akèraioc.
Tìte oi dÔo anex�rthtec lÔseic eÐnai:

2F1(α, β, χ, x) = (1− x)γ−α−β
2F1(γ− α, γ− β, γ, x)

kai

x1−γ
2F1(α− γ + 1, β− γ + 1, 2− γ, x)

= x1−γ(1− x)γ−α−β
2F1(1− α, 1− β, 2− γ, x)

I MÐa ek' twn γ, γ− α− β kai α− β eÐnai akèraioc. Tìte
mia ek' twn parap�nw anex�rthtwn lÔsewn termatÐzetai
kai h antÐstoiqh lÔsh eÐnai thc morf c

xa(1− x)bPn(x) , (141)

ìpou Pn(x) polu¸numo bajmoÔ n.
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Surrèousa upergewmetrik  exÐswsh kai sun�rthsh

H surrèousa upergewmetrik  exÐswsh

xy ′′ + (γ− x)y ′ − αy = 0 , α, γ ∈ C . (142)

apoteleÐ oriak  perÐptwsh thc upergewmetrik c exÐswshc sto
ìrio β→ ∞ wc ex c (oi leptomèreiec af nontai wc ['Askhsh]):

I Pr¸ta sthn upergewmetrik  exÐswsh

z(1− z)y ′′ + [γ− (α + β + 1)z ]y ′ − αβy = 0 ,

jètoume z = x/β.

I Met� paÐrnoume to ìrio β→ ∞.

H DE (142) eÐnai thc morf c

y ′′(x) + p(x)y ′(x) + q(x)y(x) = 0 .

me

p(x) =
γ− x

x
, q(x) = −α

x
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'Eqoume

lim
x→0

xp(x) = γ and lim
x→0

x2q(x) = 0 ,

lim
x→∞

xp(x) = ∞ and lim
x→∞

x2q(x) = ∞ (στο μιγαδικό επίπεδο) ,

pou apodeiknÔoun ìti:

I To x = 0 eÐnai sÔnhjec an¸malo shmeÐo (me
qarakthristikoÔc ekjètec ρ = 0 kai 1− γ ['Askhsh])

I To x = ∞ eÐnai ousi¸dec anwmalì shmeÐo.
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LÔseic kai surrèousa upergewmetrik  sun�rthsh: PaÐrnontac
to parap�nw ìrio β→ ∞ brÐskoume ìti to ìrio thn
Upergewmetrik c sun�rthshc eÐnai kal¸c orismèno.
Apìdeixh: Ap' thn anapar�stash se seir� thc
upergewmetrik c sun�rthshc

2F1(α, β, γ, x/β) =
Γ(γ)

Γ(α)Γ(β)

∞

∑
n=0

Γ(α + n)Γ(β + n)
Γ(γ + n)

(
x
β

)n
,

kai qrhsimopoi¸ntac ton tÔpo tou Stirling gia β� 1

Γ(β + n) ' e−βββ+n ,

brÐskoume ìti sto ìrio β→ ∞ paÐrnoume

1F1(α, γ, x) = lim
β→∞

2F1(α, β, γ, x/β) =
Γ(γ)
Γ(α)

∞

∑
n=0

Γ(α + n)
Γ(γ + n)n!

xn

(143)

kai ex' orismoÔ eÐnai h surrèousa upergewmetrik  sun�rthsh.
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I H apeiroseir� ekfulÐzetai se polu¸numo an
a = −n, n = 0, 1, . . . .

I Oi anex�rthtec lÔseic thc (142) eÐnai oi

y1(x) = 1F1(α, γ, x) , y2(x) = x1−γ
1F1(α− γ + 1, 2− γ, x) .

(144)

Oloklhrwtik  anapar�stash: Sto Ðdio ìrio brÐskoume ìti

1F1(α, γ, x) =
Γ(γ)

Γ(γ− α)Γ(α)

∫ 1

0
dt exttα−1(1− t)γ−α−1 . (145)

Apìdeixh: Ap' th sqèsh

2F1(α, β, γ, x/β) =
Γ(γ)

Γ(α)Γ(γ− α)

∫ 1

0
dt tα−1(1− t)γ−α−1(1− tx/β)−β ,

(146)

ton tÔpo tou Stirling kai to ìrio

lim
β→∞

(1− tx/β)−β = ext , (147)

apodeiknÔetai h zhtoÔmenh.
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Di�forec sunarthsiakèc sqèseic:

I Ap' thn oloklhrwtik  anapar�stash   qrhsimopoi¸ntac
to parap�nw ìrio

1F1(α, γ, x) = ex
1F1(γ− α, γ,−x) ,

h opoÐa sundèei tic sumperiforèc sta dÔo �kra thc
pragmatik c eujeÐac.

I EpÐshc ap' th anapar�stash me seir� brÐskoume

d1F1(α, γ, x)
dx

=
α

γ
1F1(α + 1, γ + 1, x) .
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Sqèseic eidik¸n kai upergewmetrik¸n sunart sewn

Oi di�forec eidikèc sunart seic kai polu¸numa pou èqoume
melet soume sqetÐzontai me upergewmetrikèc sunart seic:

I Polu¸numa Legendre

Pn(x) = 2F1

(
−n, n + 1, 1,

1− x
2

)
.

I Sunart seic Legendre 2ou eÐdouc

Qn(x) =
√

πn!
2n+1Γ(n + 3/2)

x−n−1
2F1

(
n + 2

2
,
n + 1

2
,
2n + 3

2
,

1
x2

)
.

I Polu¸numa Jacobi

P(α,β)
n (x) =

(−1)nΓ(n + 1 + β)
n!Γ(1 + β) 2F1

(
n + α + β + 1,−n, 1 + β,

1 + x
2

)
.

=
(−1)nΓ(n + 1 + α)

n!Γ(1 + α) 2F1

(
n + α + β + 1,−n, 1 + α,

1− x
2

)
.
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I Polu¸numa Gegenbauer

C (α)
n (x) =

Γ(2α + n)
n!Γ(2α) 2F1

(
−n, 2α + n, α + 1/2,

1− x
2

)
=

2nΓ(α + n)
n!Γ(α)

xn
2F1

(
−n

2
,
1− n

2
, 1− α− n,

1
x2

)
I Polu¸numa Hermite

H2n(x) = (−1)n
(2n)!

n! 1F1

(
−n,

1
2
, x2
)

,

H2n+1(x) = (−1)n2
(2n + 1)!

n!
x 1F1

(
−n,

3
2
, x2
)

,

I Polu¸numa Laguerre

Lα
n(x) =

(n + α)!
n!α! 1F1(−n, α + 1, x) ,
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I Polu¸numa Chebyshev

Tn(x) = 2F1

(
n,−n,

1
2
,
1− x

2

)
.

Genik  parat rhsh: Stic peript¸seic twn poluwnÔmwn
(Legendre, Jacobi, Gegenbauer, Hermite, Laguerre kai Chebyshev)
h stajer� α   h β eÐnai pr�gmati arnhtikìc akèraioc, ìpwc kai
prèpei gia na termatÐzetai h �peirh seir�.
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